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Propagation of chaos in mean field networks of
FitzHugh-Nagumo neurons.
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Abstract

In this article, we are interested in the behavior of a fully connected network of NV
neurons, where N tends to infinity. We assume that the neurons follow the stochastic
FitzZHugh-Nagumo model, whose specificity is the non-linearity with a cubic term. We
prove a result of uniform in time propagation of chaos of this model in a mean-field
framework. We also exhibit explicit bounds. We use a coupling method initially sug-
gested by Eberle [9], and recently extended in [8], known as the reflection coupling.
We simultaneously construct a solution of the N-particle system and /N independent
copies of the non-linear McKean-Vlasov limit in such a way that, considering an ap-
propriate semi-metric that takes into account the various possible behaviors of the
processes, the two solutions tend to get closer together as N increases, uniformly
in time. The reflection coupling allows us to deal with the non-convexity of the un-
derlying potential in the dynamics of the quantities defining our network, and show
independence at the limit for the system in mean field interaction with sufficiently
small Lipschitz continuous interactions.
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1 Introduction

1.1 Understanding the model

Understanding brain activity is both a complex and important challenge in current
research. Of course, interests are plentiful: characterizing brain functions, unveiling
structures and links between them, and understanding some phenomena such as cyclic
heartbeat. A way of modeling this activity is by considering a very large number of
individual neurons with interactions. Since the number of neurons in a human brain
is around 10*!, and even “small” parts of the brain are thus constituted of a very large
number of them, such a strategy can be considered coherent.

The main quantity we study is the membrane potential of the nerve cells: it can “eas-
ily” be observed and its modification characterizes a synapse (an interaction between
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Propagation of chaos in mean field networks of FHN neurons

neurons). Neurons regulate their electrical potential. In general, without interaction,
the potential evolves with time but has quite small changes. Incoming potentials from
other neurons are usually what make the neuron fire, i.e. send action potentials to
other neurons. We will here focus on a homogeneous network of neurons and consider
mean-field interactions. This way, each neuron will interact with every other one, as
it can be the case in small regions of the brain. The parameters of the model will be
considered the same for each neuron.

A classical model was introduced by Hodgkin and Huxley [11] using experimental
data on the activity of the giant squid axon. It describes the ion exchanges K*, Na¥,
and CI™ through the membrane and their effects on the potential. A simplification of
this model is the FitzHugh-Nagumo model, which reduces the dimension: from a four-
dimensional model (for one neuron) with the Hodgkin-Huxley equations, we obtain a
two-dimensional model, thus yielding a compromise between biological accuracy and
mathematical simplicity.

The deterministic FitzHugh-Nagumo model for one neuron (or one particle) is given
by the following equations

{ dX, = (X — (X3)° — Cy — a)dt
dCt = (")/Xt - Ct + ,B)dt,

where X is the membrane potential and C' is a recovery variable, called the adaptation
variable. The parameters v and § are positive constants that determine the duration
of excitation and the position of the equilibrium point of this system. Finally, a« € R is
the magnitude of a stimulus current (an entrance current in the system). Note that the
variable C isn’t a physical quantity, and is used to allow X to mimic the behavior of the
potential. This variable C has linear dynamics and provides slower negative feedback.

This deterministic model has been largely studied. In Chapter 7 of [30], Thieullen
describes the behavior of the solution of one deterministic FitzHugh-Nagumo system.
She also extends the result in the case of a stochastic FitzHugh-Nagumo system: she
considers a noise on the dynamics of X.

In fact, noise can be introduced in both equations to model different types of random-
ness: when the noise is on the first equation (dynamics of X) with a standard deviation
ox > 0, it models a noisy presynaptic current. When it is on the second equation
(dynamics of C) with a standard deviation o¢ > 0, it describes a noisy conductance
dynamic (a noise in the chemical behavior). In general, noise in this model is additive.
Various mathematical questions can be studied. Some authors choose to focus on the
properties of the natural macroscopic limit of the model as N — oo when it is clearly
defined (see system (1.2)) while others work on properties of the particle system for
fixed N. These models can be quite complicated to study mathematically. The main ob-
jectives are to characterize the behavior of these models when the number of neurons
N tends to +o0 in a mean-field limit, and to prove whether or not there exists an equi-
librium, a stationary behavior, when ¢ tends to +o0o. The question of the synchronization
of neurons can also be studied, since it is a phenomenon observed in different contexts,
such as the generation of respiratory rhythm or complex neurological functionalities. It
can be characterized as the dissipation of the empirical variance of the system of neu-
rons. We refer the reader to [6] for further discussion on the synchronization in neuron
models, and especially in the Hodgkin-Huxley model.

In [31], the authors work on the determination of firing times. They consider a
stochastic FitzHugh-Nagumo model for one neuron, with Brownian noise on X, obtain
an approximation of firing times, and compare them with numerical simulations.

In [29], Tatchim Bemmo, Siewe Siewe, and Tchawoua focus on a quite different
stochastic model by considering additive noise 1 on the dynamics of X, and multiplica-
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tive noise £ on the dynamics of C, both defined as sinusoidal functions of correlated
Brownian motions. They choose to avoid Gaussian noises since they are unbounded.
They also consider a deterministic and periodic entrance signal in the first equation,
and observe abrupt transitions of the membrane potential X when the intensity of the
noise is gradually changed.

In general, a lot of authors focus on noise on only one variable. In [15], Le4én and
Samson consider a FitzHugh-Nagumo model with noise on C' but not on X, i.e. ox =0,
and study the properties of the equations for one neuron. In particular, they focus on
the hypoellipticity of the model, the existence and uniqueness of an invariant probabil-
ity, and a mixing property by establishing a link between the model and the class of
stochastic damping Hamiltonian systems. They also consider neuronal modeling ques-
tions and study the generation of spikes according to the parameters of the model. On
the contrary, the article [32] focuses on the stochastic FitzHugh-Nagumo model with
noise in the dynamics of X, and oc = 0. They study one neuron in a periodically forced
regime. This study relies on the theory of Markovian Random Dynamical Systems. The
model is driven by a cosine signal, and Uda studies the spike rate and compares it with
the probability of a two-point motion of membrane potential.

However, some do study stochastic models with two noises. Berglund and Landon de-
scribe the behavior of the deterministic FitzHugh-Nagumo model for one neuron in [3],
and consider the stochastic model, with noise on both equations, to work on the behav-
ior of the interspike interval and the distribution of oscillations of the solution.

As said above, we consider mean-field interactions. These interactions are described
by two functions K x and K¢, applied on the difference between two states ((X},C}) —
(th , C’tj )). In particular, this type of interaction models electrical synapses.

In their article [1], Baladron, Fasoli, Faugeras, and Touboul study FitzHugh-Nagumo
and Hodgkin-Huxley models with mean-field interaction, only on X. They consider more
general interactions, not only applied to the difference between two states, modeling
chemical synapses and electrical synapses. For the FitzHugh-Nagumo model, they con-
sider a noise on X and prove propagation of chaos, i.e. the convergence of the law of
k neurons towards the law of k£ independent solutions of the mean-field equations. This
article is completed and clarified by the work of Bossy, Faugeras, and Talay in [5]. Mis-
chler, Quininao, and Touboul consider a FitzHugh-Nagumo model in [24], with a linear
interaction on X, and a noise only on X, i.e. oc = 0 and Kx(z) = Az. The drift on X is
not exactly the same as in the model above but remains similar as it is a cubic function
of X. They work on the properties of a solution of the McKean-Vlasov PDE associated
to this model and obtain the uniqueness of a global weak solution. Furthermore, they
prove that there exists at least one stationary solution, and when the interaction is small,
the stationary solution is unique and exponentially stable. They also exhibit numerical
results with open problems, like attractive periodic solutions in time. In a similar frame-
work, Lucon and Poquet study the macroscopic limit of this mean-field model in [20],
and in particular the periodicity of such a system. They analyze the influence of both
noise and interaction on the emergence of periodic behavior and prove the existence
of a periodic solution, exponentially attractive, when the parameters satisfy some as-
sumptions and the drift is “small” enough with respect to interaction and noise. Their
approach relies on a slow-fast analysis and Floquet theory. Results of non-uniform prop-
agation of chaos has also been obtained in [23] by Mehri et al., for stochastic spatially
structured neuron networks, by applying the Euler approximation to the construction
of a solution.

This model can be complexified, by considering non-mean-field interaction. In partic-
ular, Bayrak, Hovel, and Vuksanovi¢ work on a stochastic FitzHugh-Nagumo model with
a network interaction in [2]. Their type of interaction takes into account a connectivity
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coefficient between two neurons and a propagation velocity.

Other authors choose to complexify the model by considering stochastic FitzHugh-
Nagumo with a spatial model. A second spatial derivative of X is added to the dynamics
of X. Various authors study the behavior of such a model and explore the notion of
random attractors [22, 16, 18, 17].

Various authors also study numerical schemes for the interacting particle system
in the stochastic model. In [25], the authors adapt the Euler-Maruyama scheme to
approximate the solution of the particle system.

1.2 Framework and results

Combining noise and interaction, we work specifically on the following equations,
for1 <¢ < N, where N is the number of neurons

dXPN = (xXPN —(xNY ot N gt + =50 Kx(2pN = z)Y)dt + oxdBp™
dCPN = (yxpN — PN + Bydt + £ 0 Ke(2pY — ZPY)dt + 0cdBy©,
(1.1)
where we denote by th' N the couple (XZ o C’f "N) to simplify the notation.

We assume (B ); and (B;C)Z to be independent Brownian motions. Here, we con-
sider two Brownian noises BX and B¢, one on each equation, and thus assume that
each neuron has its own independent noise and that there is no environmental (or
shared) noise.

We also assume K x and K¢ to be Lipschitz continuous and respectively denote their
Lipschitz constants by Lx and L¢.

The goal of this article is to describe the behavior of this network as the number N
of neurons tends to infinity.

To describe its behavior, we consider the R?-valued process (Z;),~, = (X¢,Ct);>0
evolving according to the following non-linear stochastic differential equation of McKean-

Vlasov type

{ dX, = (X, — (X0)° = Cy — a)dt + Kx = ju(Z)dt + oxdBYX (1.2)

dét = (’YXt — ét + ﬁ)dﬁ + Ko * ﬂt(Zt)df + O'CdBtC7

where ji; = Law(Z;) is the law at time ¢ of the process (X;,C;), and * denotes the
operation of convolution, i.e.

Kx * ji(u) = /KX(u—v)ﬂt(dv).

To some extent, (1.1) can be seen as an approximation of (1.2) in which the operation
of convolution is applied to the empirical measure (i emp = % Zfi 1 0,i.~, and what we
t

wish to prove is that, indeed, the law ui\’ of the network (1.1) converges in some sense to
,afz’N (i.e the law of the solution of (1.2) tensorized NN times) as N tends to infinity. This
phenomenon has been stated under the name propagation of chaos -an idea motivated
by M. Kac [13]- as it amounts to saying that, as the number of particles increases in
the system, two particles will become “more and more” independent, their joint law
converging towards a tensorized law. The notion of “propagation” refers to the fact
that proving such convergence at time 0 is sufficient to prove it at a later time ¢.

In order to prove the convergence of ¥ to ﬂ?N , we follow the coupling method
described in recent work by one of the authors in [10], the result of which cannot be
applied directly here. This method has been put forward by Eberle, following earlier
works by Lindvall and Rogers [19]. Before recalling the method, let us also mention the
recent work [27], which uses a coupling approach adapted to a well-chosen distance.
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We consider ri = | X{ — X"V | 4 6|Ci — C| with § > 0, a constant not yet specified
(to prove the first result Theorem 1.3, we will consider § = 1, but we will need a more
specific one for Theorem 1.4).

A natural distance between probability measures is the Wasserstein distance, linked
to the theory of optimal transport. For i and v two probability measures on R?, we
denote

— : o P 1/1’
Wolwv) = | inf | E(IX =YI[E) " (1.3)
where || - ||, denotes the usual L? distance on R?. It is thus defined as the minimum

over all possible choices of a pair (X,Y), such that X is distributed according to
and Y according to v, of the expectation of the distance between X and Y. The basic
idea behind a coupling method is then that an upper bound on the Wasserstein distance
between i and v is given by the construction of any pair of random variables distributed
according to these probability measures. Thus, instead of considering the minimum
over all possible couplings, we construct simultaneously two solutions of (1.1) and (1.2)
that will tend to get closer together as the number of neurons increases.

Let (X, C}), for i between 1 and N, be N independent copies of a solution of (1.2)
driven by some independent Brownian motions (B;™),, and (Bz’c)t%. A coupling of
(X{,C}) and (XZ ool ’N) then follows from a coupling of the Brownian motions B and

The first natural choice, popularized by Sznitman [28], is the synchronous coupling
and consists in choosing B = B. By doing so, when considering the time evolution
of Zi — Z"N = (Xg - XN Ci - CZ’N), the noise cancels out. The contraction of a dis-
tance between the processes can then only be induced by the deterministic drift, as
in [4], and this usually only holds under rather restrictive conditions (in particular the
drift should be strongly convex). Nevertheless, in our case, the calculation of the evolu-
tion of X/ — X"V and C/ — C}"" (see later) shows that there is still some deterministic
contraction when X} — XZ’N = 0. We can therefore use a synchronous coupling in the
vicinity of this subspace.

Outside of this subspace, we use the noise to get the processes closer together. In
the direction orthogonal to the contracting space we consider B = —B, as this maxi-
mizes the variance of the noise. This yields the reflection coupling. Notice however
at this stage that, because of the symmetry of the noise, there is a priori no reason
why r? should decrease rather than increase. This invites us to consider f(r{), with f a
concave function, so that a random decrease has more effect than a random increase of
the same value. We will define the function f later.

Finally, we construct a Lyapunov function H to take into account the trend of each
process to come back to some compact set of R?. We are then led to the study of a suit-
able distance between the two processes, which will be of the form p, := + Zivzl frH(+
€H(Z}) 4+ eH(Z™N)), where € > 0. This quantity controls the usual L' and L? distances
between the two systems and is interesting as, when 7{ is small, f(r{) tends to decrease
either because of the deterministic drift or the reflection coupling, and when 7! is big,
the Lyapunov functions H will tend to decrease. We thus show that Ep; decays expo-
nentially fast. This leads to several constraints on d, ¢ and on the parameters involved in
the definition of f, and we have to prove that it is possible to meet all these conditions
simultaneously. In reality, the quantity p; considered will be a slight twist of the one
given above (see (2.25)) so as to take into account the non-linearity of the process.

As explained, this method requires some noise in the direction orthogonal to the
naturally contracting subspace. This means, in the description of the method above,
that one should have ox > 0 (so that we can use a reflection coupling to bring X} and
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XZ’N closer together). In the case ox = 0 and o¢ > 0, a modification of the calculations
is necessary. We describe this case and the resulting modifications in the computations
in Appendix B.

Assumption 1.1. Kx and K¢ are Lipschitz continuous, i.e.

JLx >0,Vz, 2 € R? |Kx(2) — Kx(2')| < Lx(||z — 2||1)
JLc > 0,Vz, 2 € R? |[Ko(2) — Ko (2] < Le(l|lz — 2'|)h1)
Kx(0,0) =0 and K¢(0,0) = 0.

Before any result on the propagation of chaos, we prove that both systems (1.1)
and (1.2) have well-defined solutions.

Proposition 1.2 (Existence of solutions). Let Kx and K¢ satisfy Assumption 1.1. We
assume the law of ((Xé’N, ™y, (x g, CéV’N)) and the law of (X, Cy) have a mo-

ment of order 2. Then, there exists a unique strong solution for system (1.1) and a
unique strong solution for system (1.2).

We denote W, and W, the usual L' and L? Wasserstein distances defined in (1.3).

Theorem 1.3 (Non uniform in time propagation of chaos). Let Kx and K¢ satisfy As-
sumption 1.1. There exist explicit C;,Cy > 0, such that for all probability measures
on R? with finite second moment,

k
Wl (,U‘?Na:ﬂﬂé@k) S CleCZt\/ﬁv

for all k € IN, where uf’N is the marginal distribution at time t of the first k neurons
((th’N, My, (X EN Cf’N)) of an N-particle system (1.1) with initial distribution
,uf?N, while ji; is a solution of (1.2) with initial distribution .

This first theorem is in accordance with the theorem from [14] and makes the de-
pendence in t explicit. Since its proof is rather quick and provides a good entry point
into coupling methods, we give it in Subsection 1.4.

Our main result consists in removing the time dependency in the previous upper
bound. This uniform in time propagation of chaos however requires stronger assump-
tions on the interaction kernels.

Theorem 1.4 (Uniform in time propagation of chaos). Let Lx max and Lc max be two

(explicit) universal constants such that Lx < Lx max and Lc < Lo max. Let Cinit,eap >

0 and @ > 0. There is an explicit c® > 0 such that, for all Kx and K¢ satisfying

Assumptions 1.1 with Lx,Lc < ¢X, there exist explicit By, B> > 0, such that for all
probability measures po on R? satistying E,,, (e*IXIFICD) < Cjpiy e,

Wi (UfﬁNaﬂ?k) SBliv W22 (ufﬁNaﬂ?k) SB?L?

VN VN

for all k € IN, where uf’N is the marginal distribution at time t of the first k neurons
((th’N, My, (X EN Cf’N)) of an N-particle system (1.1) with initial distribution
,uf?N, while ji; is a solution of (1.2) with initial distribution .

When we prove uniform in time propagation of chaos, L x max and L¢ max are a priori
bounds. Theorem 1.4 above will be true for L x and Lo sufficiently small: the condition
Lx < Lxmax and Lo < Lc max are therefore not restrictive conditions and are useful
in proving some parameters are independent of Lx and Lo. Lemma 2.2 below shows
that one can for instance consider Lx max = 4 and Lo max = % Furthermore ¢, that
controls both interactions Kx and K¢, is explained in Subsection 2.4.
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The main interest of obtaining uniform in time estimates is that it allows the study
and comparison of the long-time behavior of the particle system and its nonlinear limit.
As previously mentioned, this work follows the method described in [10]. Beyond the
result of uniform in time propagation of chaos for the FitzHugh-Nagumo model, which
is in itself an interesting result, the present work is also a testimony to the robustness
of the coupling method.

The reader will find an index containing the notation, constants, and parameters
for reference at the end of the document.

1.3 Existence of solutions

First of all, we prove Proposition 1.2, i.e existence of strong solutions of systems (1.1)
and (1.2), under Assumption 1.1. Let’s denote, for k € R,

S R
gr() =< a3 if x € [—k, K]

K3 if x > k.

g is Lipschitz and is bounded.
Thus, it’s well known (see Chapter 4 [12]) that the following system (under Assump-
tion 1.1 and the assumption that the initial condition has a moment of order 2)

dXZaN,H = (XZ7N7K - g“(XZ’N’H) — CZ;N,H —a)dt + % Z;\le KX(ZZ’N’” _ ZgaN,f'i)
+deBz’X
dCZvN,n = (fth%N,n _ C}N,ﬁ + B)dt + % Zjvzl KC(Z;’N’” _ ZtJaN,ﬁ) + 0’0de707
. . (1.4)
for 1 <i < N, has a strong and unique solution that we denote (X; """, Cz’N’”)lgiSN.
In consequence, for a fixed x € R™, there exists a strong solution of system (1.1)
until time
T, = sup {t,Vi,Vs <t, Xé’N’“ < k and Cé’N’“ < Ii} ,

and the solution coincides with the solution of the system with g,.
We have the following Lemma

Lemma 1.5. If, for eachi < N, E(|X""2) < 400 and E(|C™"|?) < 4o, then for all
t > 0 there exists C; < oo such that, for eachi < N

E (|XZ"N"“|2 + ICZ’N’“IQ) <Cr. 1.5

The proof relies on the Lyapunov function defined in the next Section and is given in
Appendix A.3.
Then, by denoting T, the explosion time of a solution of system (1.1)

T, = inf {t, 3i,VA > 0, XN > Aor €PN > A}

we obtain that V¢ € RT,P(Tw < t) = 0 and P(T,, < t) = 0. Eventually, there exists a
unique and strong solution of system (1.1).

The existence and uniqueness of a solution of (1.2) is known from the Theorem 3.3
from [7], under the assumption that the law of the initial point (XO, C‘o) has a moment
of order 2. We only have to prove that Assumptions 3.2 [7] are satisfied. We define, for
allt € R, 2 = (z,c) € R? and for all probability distribution v with a finite variance

(-1 —c—a+ Kx xv(z)  (ox
b(t,z,l/)< vz —ct B+ Ko s v(2) and o(t, z,v) = oo )

MNA 3 (2023), paper 3. https://mna.episciences.org/
Page 7/50


https://doi.org/10.46298/mna.9748
https://mna.episciences.org/

Propagation of chaos in mean field networks of FHN neurons

o is a constant function, so it clearly satisfies the various conditions.
Fort € R*, 2,7 in R?, and v a probability measure

(z—z’ b(t z,v) = b(t, 2, v))
— (@ —2") = (c— )+ Kx xv(z) — Kx xv(2)]
+(c—c’)( (x—2')—(c—)+ Ke*v(z) — Ko *xv(2'))
=(z—2)" = (@—2)’ @+ 22’ +2?) + (y - D(c— )z —2') — (c— )’
+(x—2)(Kx*v(z) — Kx xv(2") + (c — ) (Kc *v(z) — Ke *v(2)).

IE*ZE [ZL'*ZE

Since z2 + xz’ + 2/ > 0, the second term is non-positive. Kx and K¢ are Lipschitz

continuous functions, so the last line is clearly bounded by ||z—2’||3 up to a multiplicative
constant. Then, there exists a constant L such that

<Z - z/,b(t,z,y) - b(t,z/71/)> < LHZ - Z/”%

Since Kx and K are Lipschitz continuous functions, we also have, for all probability
distributions v and v/ with a finite variance,

Hb(taza V) - b(taza V/)||2 < LWQ(Vv VI)'

Eventually, since b is locally Lipschitz continuous with polynomial growth, each Assump-
tion is satisfied and Theorem 3.3 [7] can be applied. Note that we could also apply
Proposition 2.19 from [21]: assumptions are the same, and it gives a result for interac-
tion depending on a spatial position.

To complete the Lemma 1.5, we also give the following

Proposition 1.6. If, for each i < N, E(|X;"|?) < 400 and E(|C;™|?) < +o0, then for
all t > 0 there exists C; < oo such that, for eachi < N

E(1XV2+ 100V < ¢ (1.6)
and
Proposition 1.7. If E(|Xy|?) < +oc and E(|Cy|?) < +oo, then there exist Cy; and C 2
such that
E (|X:? + |Ci?) < Co1e02" (1.7)

The proof is very similar to the proof of Lemma 1.5 and can be found in Appendix A.3.

1.4 Quick result: non uniform in time propagation of chaos

We start by proving Theorem 1.3, a non uniform in time propagation of chaos, as
it highlights the basic strategy behind a coupling argument. Some of the following
expressions will be used in the proof of Theorem 1.4, in Section 3.

We consider a synchronous coupling between (zpN), and (Z}),, i.e. for each 1 < i <
N, we choose B~ = B'"X and B/"“ = B""“. We have

{ dxPN = (Y - (XN - oY —@)di+ £ SN Kx (20N — 27V)dt + oxd B Y

dOPN = (vxpN — PN + Byt + £ S0 Ke(2yN — Z)N)dt + ocdBp©
and )
X} = (X{ — (X})" = Ci — a)dt + Kx * u(Z)dt + o xdB™
dCi = (v X} — Ci + B)dt + K¢  jig(Z8)dt + ocdBPC

with ji; the law of Z}. The method is the following
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+ we compute the time evolution of E (|XZ’N — Xi|+ PN — C_‘§|) using Ito’s for-
mula,
* we control the difference between the drifts § >, K(Z{ — Z]) and K * ji;(Z})

using some form of the law of large numbers. This is where the convergence rate
v N appears,

¢ and we conclude using Gronwall’s lemma.

Time evolution: We have,
i\ N i i N i i,N\3 Si\3 i, N =i
a(x;N - Xj) ((Xt - XH - (XN = (%)) - (N - ¢

N
1 i\N ;
+N§ Kx(Z;™ = 20™) = Kx « u(Z ))dt

=1
We denote
— ifx #0,
sign(z) = |$|
0 otherwise,
and obtain, using Ito’s formula for a twice continuously differentiable approxima-
tion of the absolute value and usual convergence lemmas (see Lemma A.1 below),
aix;N - Xj|
. _ . . . . _ . . 3 _ .
= (sign(xV = X - X)) = sign(x;V — X)) (X7Y)" = (x)°)
—sign(X}N — XH)(CPN - ¢
1
i,N i,N _ i
t)ﬁ ZKX(Zt = ZP7) = Kx * in(Zy) | dt

j=1

+ sign(x} —

N i i,N\3 Fiy3 WwN _ A
< (1x; —XA—\(Xt ) = (XD + |o - &

N
NZ ZPN — 2PNy - Ky x iy (Z1)] | dt. (1.8)
Similarly;,
dicy™ — Gyl
N
< VIXZNfXZ |CPN — | + Z (2N — ZIN) — Ko ox m(ZD)] | dt.

(1.9)
Thus, denoting ! = | X — X¢| + |CPY — Cf| (i.e considering § = 1) we obtain,

i i, i i,N\3 i3
drté((lJrV)IXtN—th— (xN) — (%)

+ —ZKX (2PN — 7PNy — Kx = g (Z})
j=1
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Difference of the drifts: Let us now consider these last two terms

N N
7 = (7 1 Zi _ 7J = (7
Z PN = 2PN = Ko il 7| < | Y0 Kx(Zi - Z0) - Kox s fulZ))

Jj=1

HMZ

N
1 zN jN
*ly L KXt -7
‘7:

The first sum can be decomposed, using Assumption 1.1, into

N N
1N N Zi X i, N j,N i )
Z - 2PN - Kx(Zi - Z) <WZ|Zt - 2PN —(Zi - Z)h
N
, L .
§LX7’§+WXZT€.
j=1
Similarly, we obtain
1 & Lo &
iN i, N _ 5 i c j
NZKC(Zt — ZINY — Ko ox iy (Z)) SLcrt+WZT§
j=1 j=1
N
+ N;KC(ZZ—ZtJ) Ko it(Z4)| -

Hence, we get
i i i L j
dry < | A +y)ri+ (Lx + Lc) Tt+NZTg
1 & :
+ NZKX(ZE—ZtJ)—KX * fe(Z7)
ZKCZl 7Y — Ko * i (ZD)| | dt.

By considering the expectation, since ]E(ri ) = E(r}) for each j, by exchangeability
of the particles, we have

dE(Y) < | (144 +2Lx +2Lc)E(r) + E ZKX (Zi — 7)) — Kx = in(Z})
ZKO (Z! —Z)) — Ko+ i (Z))|] | at.
Now, we bound the interaction part. We begin with Kx. By Cauchy-Schwarz
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inequality, we can write

N —
Z — Kx * it (Z})
o\ 1/2

N
<E Z — Kx « e (Z})

We notice that (Zj ) are i.i.d with law ;. Let’s denote Zt a generic random vari-
able of law ji; independent of Z;. What is more, Kx *[i:(Z}) = [ Kx(Z}—2)(dz) =
E[Kx(Z} — Z;)|Z}). Hence

2

1 - i
E|E mgKX(ZtZg) Ky u(Z ‘Z
j#i

Z

1 _ . .
_ 7 J
—FE | Var WE 'KX(Zt—Zt)
J#i
2

< NflE (Var (||Z; — Zi|h Z;)) -
Since
E [Var (112 - Zih| 2)] <E [E (12} - 218|2})

<E [E (21|} +21ZI13|2}) | < 4B(1Z:1).

we obtain

2

E|E S Kx(Zi-Z]) - Kx # ‘Zl < ALy TE(1Z017)
N_1 X X * fit(Z, =N _ t

JFi

_ _ P
We now want to control E <‘% Zjvzl Kx(Z} - Z]) - Kx *ﬂt(ZZ)‘ ) We decom-

pose it into

N
1 =i =i .
I NE Kx(Zi = Z}) — Kx * pe(Z;)

j=1

2

N
N-1 1 I N -1 1 —
— 7 J o {2

2

N
(N —1)° 1 P .
<2 N2 I Nilg Kx(Z;y — Z}) — Kx = t(Z;)
—

2 _ .
+ 3B (1Kx o+ m(Z)17) -

MNA 3 (2023), paper 3. https://mna.episciences.org/
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Since

E (|Kx * ﬁt(ZZ)F) =K (}IE (KX(Zé - Zt)|Z_tl) 2)
<IXE (B (12 - Z312;) ) < ALXE(IZ).

we obtain
2

N
1 5i 5 — 7
E NleX(Zt*Zg)*KX*Ht(Zt)
]:

8L2 -
EE(IZ412),

(1.10)

N—1\>4L% _  _ . AL%_  _
< (55) AEEIZI3) + EE0Z0D) <

and finally

1N ) ] . 8L2 1/2
B |5 25 Kl = 2D~ K+l <(FEm0zm)

Similarly, we have

1 N o o o 8L2 _ 1/2
B ||y 32 Kol - 24) - Ko+ <(Serazin)

which yields

' . 1 ~ 1/2
dE(r}) < ((1 +v+42Lx +2Lc)E(r;) + 1/8L% + 8L% (N]E(|Zt|§)) ) dt.

Then using Proposition 1.7, we obtain

, . 8L2 +8L%,/2Co1 1
dE(r}) < ((1+7+2LX+2LC)1E(7*§)+ VELA \/NC\/ 0.1 ,3Cost | gy

Conclusion: We have thus obtained

- 16(L% + LZ)C 1
d E(T;)+\/ ( X+ C) 0,1 = Qeéco,ﬂ
N l14+~+4+2Lx +2Lc — =52
<(1+v+2Lx +2Lc)
- 16(L% + LZ)C 1
X ]E(ri)Jr\/ ( Xj;V ¢)Coa COQe%C“’” dt,
1+~vy+2Lx +2Lc — —5*
and Gronwall’s lemma yields
. 16(L2 L%2)C 1 1
E(Tz)Jr\/ (L% + LE)Co - Qegco,ﬁ
N 1+~+2Lx +2Lc — =%
<e(1+—y+2Lx+2Lc)t
; 16(L3 + LZ)Co,1 1
X E(TO)+\/ XNC Coo |’
MNA 3 (2023), paper 3. https://mna.episciences.org/
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thus

- 1
E(r}) < Cyef?t —.

( t) \/N
Let i a measure on R?, uf’N the marginal distribution at time ¢ of the first &
neurons (Ztl ’N, .. .,Zf’N) of an N-particle system (1.1) with initial distribution

M?N , and ji; is a solution of (1.2) with initial distribution py. We obtain for the !
Wasserstein distance

Wi, %) = in {JE[IIZ(’“’ = Z0 ), Py = ™ P = it}

Zn

kN _
Pzpmy, =Py, = “?k}

We hence obtain Theorem 1.3.

2 Preliminaries

In this section, before tackling the proof by the coupling method of the uniform in
time propagation of chaos, we gather the various technical lemmas and construct the
necessary objects.

2.1 Notation

To construct the Lyapunov functions (which allow us to bound the moments of the
processes and show that they tend to come back to some compact set), we begin by
introducing the generators of the processes.

For h: R*N — R, for all (2;),.,«n = (i, ¢i) <;<y € R?Y, the generator of (1.1) is

N
LNh(z1,.. . 2n) =Y LYND,
i=1
where
N
Ei’Nh(zl,...,zN): T — T —c—a+ Z zi — 2;) | Oz,h
N
+ | i - cz+ﬂ+—z % —2j) | Ok

2

Ci, C1

For h : R? - R, for all z = (z,y) € R?, the generator of (1.2) for a given distribution I
is

Loh(z,c)=(x—2° —c—a+ Kx*pu(2)) O:h+ (yz — c+ B+ Kc * ju(2)) Och
0% 42 0% 2
+ 76mh+ 76@:]1
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In particular, we notice that for fixed (zi),<;<x € (]RQ)N, if we consider the empirical
measure {femp = 3 2, 9z, }, we have forall h : R — R and z € R?,

Loomph(2) = (2 = 7% —— o+ Kx * plomp(2)) Ouh + (Y& — ¢+ B+ K¢ * ptemp(2)) Dch
N TR T
2 Trxr 2 cc

=(z-2° -

(@]

N
1 _
,Q+N51Kx(272’j) &ch
‘7:

N
o 1 _ o o2
+ 'yzchrﬂwLNjil Kco(Z — zj) | Och + 7X8£zh+ fafch.

In this case, if we consider z = z; for a specific i and we denote A’ : (z1y. ..y 2n) = h(zi),
then
1 N
3
Euemph(zi): Ti — X; —Ci—a+Nlex(2i—Zj) azh
j=

N
1 0% oo 0% oo
+ |y —c+ B8+ NZKC(Zi —Zj) ach—i—T(’)mh—i— 76“,]1

Jj=1

= Ei’NBi(Zl, .. -7ZN)-

2.2 First Lyapunov function
Let H : R?> — R be defined by

1 1
H(z):H(z,c):§7x2+ﬂz+502+ac+H0, (2.1)

with

2
H0:_+a25
v

where ~, # and « are the parameters of the system (1.1).
Lemma 2.1. (i) Forallz,c € R, we have H(z,c) > a2 + £ >0,

(i) Forallz,c € R, we have H(z,¢) > 5ot ((W 4B+ (c+ a)2),
(iii) For all § > 0 there is C, iy > 0 such that for all z,2’,c,¢’ € R, we have
(Jz = a'| +dc =)’ < Crou(H(x,0) + H(', ),

(iv) A direct consequence of the previous point is that forall B € R, A > 0 and § > 0,
there is R > 0 such that, forz,2’,c, ¢’ € R satisfying | — 2’|+ §|c— /| > R, we have

H(z,c)+ H(2',c') > 3B, An explicit value of R is given by R = %.

The first two points are consequences of direct calculations. The last two points are
proved in Appendix A.2. The constant C, g has been thus named because it ensures the
control of the modified Euclidean distance r, precisely defined in (2.24), by the function
H.
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Lemma 2.2 (Lyapunov’s property of H). Let A € R such that

Lx 1 A
— + L 2+ — 1—— 2.2
5 + c(+8)< 5 (2.2)

then, for H defined in (2.1), there exists B > 0 such that for all (z,¢) € R2, for all
probability distribution 1 on R?,

LuH(2) < B+ (axLx + BxLe) (Bu( X)) - )

+ (acLx + BoLe) (IEM(|C|)2 - 52) CNH(3). 2.3)
Moreover, for all (2;), ;< y € R*", by denoting H : (z1,...,zx) — H(z),
i, N 1 al 2 2
LNH(z, . 2n) <B+ (oxLx +BxLo) | | & ; |z | — 23
1 & i
+(acLx + feLo) | | & ; les| | =& | —AH(z), (2.4)
with v o1 17 1 11
ax=5+t35 Bx=7, ac = 7¢ ﬂC:§+§-

We refer to H as a Lyapunov function, as it ensures that the processes tend to come
back to a compact set.

We refer to Appendix A.3 for the proof of this lemma and of the following Proposition.
Proposition 2.3. We have

N
N1 iN (1 iN
c (N;H<Zt ))gB A(NZH<Zt )) 2.5)
A direct consequence of (2.3) is
t
EH (Z}) <EH (Z}) +/ (B—AEH (Z1)) ds, (2.6)
0

and a consequence of (2.5) is

1 X . XN N . L N
(N;EH(Zt )) < (N;EH<ZO )>+/O (BAN;EH(Z; )) ds. (2.7)

2
, and from (2.6)

Proposition 1.7 on the second moments of X and C¢. The proof is given in Appendix A.3.
It also yields the following result

Lemma 2.4. Provided the interaction kernels satisfy (2.2), and that E(] Xo|?) < 4+oc and
E(|Co]?) < +oo, then there exists C;nit 2 such that for allt > 0

o2 .
From (2.7) we obtain bounds on the moments of ‘XE’N’ and ‘C’Z’N

E (IX:|* + [Cif*) < Cinit,2-

From now on, we consider A > 0 satisfying (2.2) (and use the a priori bounds L x max
and L¢c max to ensure the existence of such a ).
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2.3 Modification of the function

Let Cinit,exp > 0, @ > 0 and consider an initial measure pg on RR? which satisfies
E,, (eXIHCD) < Ciit cap, where (X, C) is distributed according to .

For technical reasons, we need a greater restoring force by the Lyapunov function
than the one given in Lemma 2.2. We thus modify it to obtain estimates such as (2.14)
and (2.18) below.

Let a > 0, such that @ < @/ (4v2max (,/7,1)). This choice of a is only necessary for
further Propositions and Lemmas, in Section 3.

Let us consider for all z € R2,

H(z):/OH(Z)exp (av/u) d :—exp< VH(2) ) (a\/H(z)—l)—i—%. (2.8)

Direct calculations yield the following technical lemma.

Lemma 2.5. We have, for all z € R?

H(z)exp @@) > H(z) > exp @@) 2 <exp (%2) - 1) . (9

a
2

- H(z)exp (a@) > H(z) 2%\/—6)(})( \/—) % , (2.10)
H(z) >H(z). (2.11)

We may calculate, using Lemma 2.1 and Equation (2.3)
L, (ﬁ) =exp (a\/_) L H—|—
2 \/_

<exp (a\/ﬁ) (B+(aXLX+ﬂXLc)IEH(|X|)2 (2.12)

exp (a\/_) (|UX6XH|2 + |0(;8(;H|2)

+(acLx + BoLe) Eu(C))? — )\H)

1
+ 5 max (0%, 08) max (v,1) aV/H exp (a\/ﬁ)

1 2 2 9
<exp (a\/_) < ( ax (UX7UC2)>\maX o 1)) ¢ + (axLX +5XLC)]EH(|X|)2
+ (acLx + BoLe) B, (|C))° — %H) (2.13)

where for this last inequality we used Young’s inequality

2 2 92
%max (Ugg,U%) max (7, 1 )a\/_ T < H+ ( max (O’X,O'CQZ\IHE%X (7, 1)) a '
Notice that (2.13) ensures that this new Lyapunov function also tends to bring back
particles into a compact set, and at an even greater rate. This new rate H exp(\/ﬁ )
however comes at a cost: the initial condition must have a finite exponential moment,
and no longer just have a finite second moment. First, by Lemma 2.4, E(X,)* +E(C;)” <
Cinit,2. Furthermore, the function h +— exp (a\/ﬁ) (B — 2h) is bounded from above for

h > 0. We therefore obtain from (2.13) the existence of B such that

£y, (8(20)) <B -2 (H (21 exp (a H (Zg))) (2.14)

d o~ -0 = A _ —
S BI (Z}) <B - JE (H (Z}) exp (a H (Zg))) (2.15)
and LA (7)) <B - A (Z) (2.16)
dt t= 4 L
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where for this last inequality, we used (2.9). While (2.14) and (2.15) will be useful in
ensuring a sufficient restoring force, Equation (2.16) gives us a uniform in time bound
on EH (Z;) provided we have an initial bound. These inequalities are to be understood
in the sense of SDEs, where (2.16) should for instance be rigorously written

i (7)) <A (7)) + t (B30 (Z)) s

Now, for the system of particles, we have, using (2.13), Vi, Va;, v; € R9,

2

N
LN H (z) <exp (a\/H (zi)) B+ (axLx + BxLc) %Z |75
j=1

N
A
+(acLx + Bcle) | dolel] - 5 H (2)

Summing over i € {1,..., N}, we may calculate

- Zj‘vzl |2, P exp (ay/H (z) A '
(axLx +6XLC); <T> 3 ¥ Ay L

=1 =1

(2:) P (a H (zj))

NH N H(~.
3 e g neowl

<

&>

<0.

Here, we used Lemma 2.1, the fact that Va,y > 0,zeV? + yeV® — zeV?® — yeV¥ = (eV® —
eV¥)(y — x) < 0 and assumed

A
(axLx + BxLc) < 2—4

Likewise,

N N N N exp (a/H (2)
(QCLX+ﬁCLC)Z<Z]§\1f|J|> 3 p(\]/v—)

j=1 i=1

provided

A
L Lo) < —.
(acLx + BcLc) < o
There is therefore a constant, which for the sake of clarity we will also denote B (as we
may take the maximum of the previous constants), such that we get

NN > XY -
LN (ZPNY <B + (axLx + BxLe) <7J—1N ) exp <a H(Z;=N)>

N Ny 2 )
+ (acLx + BeLe) (*Z]_B\L ¢ |> exp <a H (ZZN)>

- 21{ (20") exp <a H (Z§=N)> : (2.17)
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and
1L . a1 &
cN (NZH(ZZ’N)> <B-7 (NZH(ZZ’N)>. (2.19)
; i=1

Once again, (2.17) and (2.18) will be useful in ensuring a sufﬁcientl restoring force,
and (2.19) yields a uniform in time bound on the expectation of H (Z;’N ), since by ex-

changeability of the particles, E (% Zjvzl ﬁ(Zt]N)) =K (ﬁ(ZZN))

2.4 Parameters

We start by fixing the values of some parameters. The somewhat intricate expres-
sions in this section are dictated by the computations arising in the proofs later on. They
are somewhat roughly chosen and far from optimal as we only wish to convey the fact
that every constant is explicit. On first reading, the exact choice of parameters can and
should be skipped, as they are only meant to satisfy Lemma 2.6, which is the crucial
Lemma of this subsection.

Recall ax, fx, ac and B¢ given in Lemma 2.2. a > 0 is fixed from the last Subsection
and the definition of H, and A and B are obtained from the same Subsection.

Given any n > 4 and 6 > 0, consider the following set of parameters

14 Lxmax 12808
§ =(1 4+ §) = Xmax = —7 R=+/1+62
(1+9) 1— Lomax Ro Amin(vy,1)’ R + 0% Fo,

ea2/2

10 ({00 (5+3) VI o B (v ) ).

Cpa =4 (7 + (a (8+5)+2a° (ﬁ+ %)) 2 max (7, 1)) ,

, {23 A n—4
c=min{ —, ———,

n 160 7
min (f — L¢ max — H{%)
2(1+mn)

1
X exp (_Q (1 + 5'7 + LX,max + 5LC,max + (Cf,l + Cf,2) 0%() RQ) } )

c 1
:;_Bad)min = exp ( 4o 2 (1 +57+ LX max 5LCmax + (chl +Cf2)UX)R ) )

1 9 16(1+52) o 2 16(1 + 62)
Cr = min (4, 1 )qummax<emin('y,1)’1 ’CQimin((SQ,l)(bminmaX emim('y,l)71 ’

s (17 (50))
C, = max | 1, — max —1]]).
¢min € Yy

We define f as follows

rAR
101 = [ olo)(s)ds, (2.20)
0
o(r) = exp (——2 (1 + v+ Lx +6Lc+ (eCr1 4+ Cy2) aﬁ() r2) ,
X
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w(s) = | " g(u)du,

o) =1 = 2 [ wisgots) s

Ox

Assume furthermore that Lx and L, the Lipschitz constants, satisfy

\ \a ¢ A Aa c
. B [ 2.21
X < min (128(32’ 512¢C.’ zcl) and Lo < min (1285@’ 512e0C, " 25C1) - @20

YA A
L Lo < — L Lo < — 2.22
axLx + Bx ¢ < 158 and oacLx + fc ¢ < o5 ( )
Lx 1 A
— 4+ L 24— 1——. 2.23
3 + c< +8> < 5 ( )

Notice how the bounds on Lx and L depend on c. This is one of the reasons why we
use the a priori bounds Lx € [0, Lx max] and L¢ € [0, Lo max] given in the assumptions
of Theorem 1.4: they allow us to bound ¢ and J independently of Lo and Lx. We are
thus able to begin by choosing acceptable values for those parameters, before then
giving upper bounds on Lx and L. The condition of taking Lx and Lo small enough
(the condition Ly < ¢X and Lo < ¢ for a well chosen c¢*, given in Theorem 1.4) is
necessary to satisfy the conditions of (2.21), (2.22) and (2.23).

We quickly mention that the constants C;, C3 and C, above come from Lemma 2.7
later. We gather some properties required in the calculations of the proof of Theo-
rem 1.4 in the following lemma. Again, these properties are the ones motivating the
choice of parameters

Lemma 2.6. The set of parameters given in Subsection 2.4 satisfy

* fis C? on (0,R) such that f/ (0) = 1 and f’ (R) > 0, and constant on [R,c0).
Moreover, f is non-negative, non-decreasing, and concave, and for all s > 0,

min (s,R) f~ (R) < f(s) <min (s, f(R)) <min(s,R).

« Forallr € [0,R], $(r) > ¢min and g(r) > 3.
e We have the conditions
2 !

1
= (R) >exp (— (1+6v+Lx +06Lc + (Cra +Cpa2) 0% ) R2> ,

f do%
- 1+ Lx . f(r)r
2%+4eB<(1-Lo—
crde —( °CTT )ré?é?m fr)”
80cB 1+ Lx

<— - o d e<1
6_16014_%’ 1—LC< an €<

The proof of this lemma is done in Appendix A.4.

2.5 Control of the usual distances

As explained previously, we consider a modified semi-metric. For z = (,c) € R? and
2/ = (2/,c) € R?, define

r(z,2") =r(z,c,2',c) = |z — 2’| + 6lc — |, (2.24)
where § is given in Subsection 2.4, and let p((z;, zé‘)lgjgzv) be defined as follows
1
P (i) icyen) = 7 D20 F (2 G ((20059), ) (2.25)
i=1
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where for eachi € {1,...,N},
€ N € N
4 / _ r7 [ / [ [ /
G ((zj,zj)j) =1+ eH () + el () + — Zlﬂ(zj) += ZlH (). (2.26)
j= j=

An immediate corollary of the definition and properties of H is that p is a quantity on
R*N which controls the usual L' and L? distances.

Lemma 2.7. The constants C;,C2,C, > 0, given in Subsection 2.4, are such that for all
z=(r,c) e R? and 2’ = (2’,c') € R?

1) |z=2 |1 <Cif(r(z,2)) (1 +€H(Z) Jref{(z’)),

(i) |2 — 2|12 < Cof (r (2,2")) (1 +eH(z) + eﬁ(z’)),

(iii) ||z — /|1 < Cof(r(z, 2)) (1 +e/H(z) + e\/H(z’)).

The proof of this lemma is postponed to Appendix A.5.

3 Proof of Theorem 1.4 in the case oy > 0

Let £ > 0 be a parameter destined for vanishing, and let s : RT™ — R and oy :
RT — R™ be two Lipschitz continuous functions such that

1, (3.1)
<R,

Vo, 05 (@) + Pr(@)
orc(z) =1 if

o~
IN

ore(x) =0if 2 <

xr
§
§orx2R+£.

Intuitively, ¢rc represents the region of space in which we consider a reflection coupling,
and g the one in which we consider a synchronous coupling. In reality, we would like
to consider s and ¢ indicator functions of the regions of space. However, we need to
consider a Lipschitz approximation of indicator functions to ensure continuity (to apply
Ito’s calculus) and the strong existence and uniqueness of the stochastic processes. We
thus simultaneously construct the following solutions, for1 <i < N

i,N i,N i,N\3 i,N N N N
dX;" = (Xy7 —(Xp7) 67 —a)dt + % Zj:l Kx(Zy™ — Z{7)at
toxpse (1XPY = XiI) dBP X + oxre (IXPN - X)) dBye
doPN = (XN = OopN 4 B)dt + £ SN Ko(ZpN — ZPN)dt + ocdBye,

and

dXi= (Xi— (X))’ = Ci — a)dt + Kx = ji,(Z3)dt
+0’XSDSC (lXZ”N _ XH) dB;’vSCaX — 0xXPre (|XZ,N _ X;l) de,'rc,X
dCi = (vX}—Ci+B)dt + Ko iu(Z})dt + 0cdB;C,

where (B"*>X), and (B»"*X), are independent Brownian motions (also independent of
(B+©) ;). Notice that we consider a symmetric coupling on the dynamics of C. By Levy’s
characterization of Brownian motion, using (3.1), we thus construct a solution of (1.1)
and N independent copies of a solution of (1.2).
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3.1 Main proof and results

Proposition 3.1. We denote ! = r(Z"", Z}) and G = Gi((th’N)j, (Zf)j). Forallc € R,
foreachi € {1,...,N}, we have

d(e f(ri)GY) < e Kidt + dM], (3.2)
where M/ is a continuous local martingale and K} can be written as
= s R RN X

K=K, +1L,"+I"+1,". (3.3)

We define K¢, I, I?" and I as follows

i N 2 iN i)’
=G} |:26f(rt) + _f (ry) 20X‘Pr0(|Xt’ - th)

+ 76 (U498 + L +6Le) XY = Xi| = 1(XY)” = (%))

(X
+(1+ Lx +6Le = OICPN = Cif + (Cra + Cra) okore (1X0Y = X1|) )]

A A P P
NaB - Z g ZH - 2z - 2N qH(Z)) - 2N gz
+ef(ry) 16 (Zy) 16 (Zy) IGN; (Z}) 16Nj:1 Z7) ],
(3.4)
) ) . 1 & _
1" =Gif'(r}) NZKx(ZZ*ZJ) Kx * ir(Z})
j=1
+0GLf! (1)) Z — Kexm(ZH] |, (3.5)

N N
i i i Lx N Zj i i L¢ N _ 7]
I =Gif'(r}) N SNz = Zi | | +6Gif (rh) N Sz - 2

Jj=1 Jj=1

-l ;- ef 1) | ez e (a2 ) + (Y e (/02 |
s m%imzbexp (/r(2)
IGNZH (zIN eXp(a H(Z{’N)) , (3.6)

. _ VXN ;
I?,z ZGf(T;) (CYXLX‘FBXLC) (%) exp (a H(ZZaN))

N N\ 2 :
+ (acLx + BcLc) (%) exp (a H(ZZ’N))

Ao : A SN g :
~1gH(Z N)exp( H(Zt’N))—w—NZH(Zf’N)eXp (a H(ngN)) . (3.7

j=1

We need to control E(G?). This control is a consequence of Lyapunov’s properties
on H and the initial assumption of the Theorem 1.4. A proof is given in Appendix A.6.
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Lemma 3.2. There exist Cg,; and Cg 2, such that for eachi < N, for allt > 0, we have
i i\2
E(G;) <Cqi1 and E[(G))] <Cqo.

The decomposition given in the Proposition 3.1 is true for all ¢ € R. To control
exactly the behavior of each term, we will now consider ¢, defined in Subsection 2.4.

Each term given in Proposition 3.1 will be controlled differently. The following lem-
mas summarize it. The first term, K, contains the various behaviors we have previously
identified: we deal with it either through a synchronous coupling (when the determin-
istic drift is contracting) or through a reflection coupling (notice the second derivative
f" which will provide contraction provided f is sufficiently concave). Finally, notice the
effect of the Lyapunov function H which yields a restoring force.

Lemma 3.3. With the parameters and functions given in Subsection 2.4, foreachi < N,
forallt >0,

- 1+ L ;
EK§§§(2+67+LX+6LC—LC— 5 X)EG;. (3.8)
The interaction term § 3, Kx(ZPN — ZPNY — Kx * i.(Z1) can be decomposed into
the following two parts: >, Kx(Z] —Z!) — Kx % ix(Z}) and + N (Kx(Z)™N — Z2N)
—Kx(Z] — Z})]. The first part, which is in I,”", is dealt with using some form of the law
of large numbers in a similar way to what has been done in the proof of Theorem 1.3.

Lemma 3.4. With the parameters and functions given in Subsection 2.4, foreachi < N,
forallt >0,

; Cinit,2C
(I} < 44/ 22222

where Cg 2 is defined in Lemma 3.2 and C;yt.2 is defined in Lemma 2.4.

I?" contains the leftovers of this decomposition and some of the additional terms of
the Lyapunov function.

Lemma 3.5. With the parameters and functions given in Subsection 2.4, for allt > 0,

1.
T (3.10)
=1

Finally, If’ " deals with the non-linearity appearing in the dynamics of the Lyapunov
function, and will be non-positive for values of Lx and L¢ sufficiently small. It is also
here we justify adding the last two terms in (2.26).

Lemma 3.6. With the parameters and functions given in Subsection 2.4, foreachi < N,
forallt >0,

¥ <o. (3.11)

Proof of Theorem 1.4. With these four Lemmas, we can calculate
1Y 1Y 1 1 1Y
i L i, L i, L 24 , L 3,
~ > EK; = ~ > EK; + ~ > B+ ~ ZIEIt + Z]Elt
i=1 i=1 i=1 i i
1 + L znz C
§§<2+57+Lx+5Lch X) ZEGZ+4,/ t]f[GQ(LX+LC)
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Since by Lemma 3.2, we have% Zi]\il IEG}; < Cg,1, we obtain

N
1 i
~ O BK] <€A+ (Lx + Lo)

i=1

o=

where A and B are constants.

For all initial couplings such that Ep ((Zg’N, Zg)1<j<N) < o0, by taking the expecta-
tion of (3.2) along a sequence of increasing localizing stopping times, we have thanks
to Fatou’s lemma

B (P ((Zg’Na 25)1931\/)) <k (P ((Zg’N’ Zg)1gj§N)) + A /Ot e“ds

B t
+ (LX + Lc)ﬁ / ecsds.
0

We obtain

5 7] /s 73 —c é-A —c
]E( ((ZJ Z )1<;<N)) <k (P ((Z(J) Naztj))gjgzv)) € t"' ? (1 —¢ t)
(Lx +Lo)B 1
+ — N (1 e ) .
By using the exchangeability of the particles, we have E (p ((Z{’N, Zg)lgjgN)) =F (% PO f(r}g)G;') =
E (% sk f(rg)G;) for all k € IN. Then

B (i f(ri)Gi> — kB (p (21" Z)1cyen) ) -

i=1

Let 110 be a measure on R?, uf’N the marginal distribution at time ¢ of the first £ neurons
((th’N, C’tl’N), cee (th’N, Cf’N)) of an N-particle system (1.1) with initial distribution

p$N, and fi; a solution of (1.2) with initial distribution y. This implies IE (p ((ZS’N, Zg)1<j<N)) =

0. By Lemma 2.7, we obtain for the L' Wasserstein distance

Wi (ug™, 5P*") = inf {E[Hz(k) — Z®W),P o0 = up N Py = ﬂigk}

k
ginf{ClE > FG: Pz, uf’N,IP(Z;-)iﬂ,‘?k}
1=1
Sinf{kcl p(ZJ’ 1<j§N)) Py, = Pz, :ﬁi@k}
EARC, .\ (ILx+Lc)BG ko,
e e A (R

By taking the limit as ¢ — 0 uniformly in time, we obtain the desired result. The same
lemma and the same type of calculations yield the result for the L2 Wasserstein distance

k Lx + Lc)B
Wa (Mf Nvﬂj?k) <\/—NC2¥'

|
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3.2 Proof of the decomposition

Proof of Proposition 3.1. First, we need to calculate d(e“ f(r¢)G!), where we recall
i i, N Vi i, N ~i
rp=|Xy" = Xi[+ 0|0y — Oy
and
N N _
Gi=1+cH(Z) +eH(Z ZH (ZIN) + ZH(Zg).
j=1 j:l
We have already calculated d(X;" — X}) and d|X;" — X/| in the case of symmetric
coupling in Subsection 1.4 in (1.8). Here, we need to use Ito’s formula and usual con-
vergence lemmas, see Lemma A.1 below, to take care of the Brownian term (recall that

the coefficient in front of the Brownian vanishes in the vicinity of the singularity of the
absolute value). We obtain

dIX;N - Xi| =A¥dt + 2sign(X) N — X)oxew (1507 - Xi]) dBy7,
with

oN i i,N\3 Fiy3 N _ A
AF <X - X - (X5 - (& + e - ¢

N
1 iN i\N _ 5
+ NleX(Z{ 7Zt]1 )*KX*Ht(Zt) .
]:

Likewise, as it has already been calculated in (1.9) in Subsection 1.4,
d|ciN — G| = ACdt,

with

N
i, N i i, N z zN N — 70
AC<7‘X —Xi| 10PN — ¢l + —§ 2PN Kok (2]

Now we have
drf = (AX + A7) dt + 2sign(X}N — X])oxpre (1Y = X|) aByX
and we deduce with Ito’s formula
4 o) = £ ryird + 5561 (20w (1X0 — XH1) )
Finally, for ¢ > 0,

d(e” f(r1)) = ce® f(ri)dt + e df (r}).
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Then, by Ito’s formula,

%dGi:(ﬁﬂtH( Z) + LNH(Z, )) dt
toxen (IXPY — K1) (ox B(ZPY) — 0x H(Z))) dBje
+ 0x Psc (|X *Xz) (8XH( 1N)+8XH( )) de',sc,X

+ o0 (6Cﬁ(ZZ’N) + acfl(Zg')) dBi-°

Ejz

+ LN (Z) N)) dt

Pre (|XJ’ XJ|) ((9XH(ZJ’ ) — (9XH(ZJ)) ng,rcX

Z‘x
] = an I

+
=2

Psc (|th’N _ Xﬂ) (aXIjI(Z?N) + GXI:I( _g)) ng,sc,X

<.
Il
—_

+
=[]

(acﬁ(zng) + acH(Zg’)) dBI°.

<
Il
—_

We finally get

d(e! f(r})GE) = Gid(e f(r})) + et £ (r})dG
1 i i i, X
+ 2¢ <1 + N) Ug(@rcoX{N *Xt|) sign(Xy’ N_Xxi )
x (ox H(Z}™N) = ox H(Z))) e ()t

Now, we need to use the following Lemma, proven in Appendix A.6, to have a more
tractable expression

Lemma 3.7. We have the upper bound
1 i i i, X 7T 7t (i
2 (1 + N) o§(<pm(|Xt*N - Xt|) sign(X}"N — X7) (8XH(Zt’N) - 8XH(Zt))
. _N2
< (Cra +Cra) ok (IXPN = Xi1) riGH

Eventually, by denoting the terms in dB-", dB>*X, dB“, ... as the local martin-
gale dM}, we obtain

d(e f(r})Gy) < Giee® f(ri)dt + e“'Gif' (r}) (AX + 6 A7) dt
1 . i _y 2
+ et G () (20x e (1XY = X)) e
1 N
ct % [7( 7% N 17 i, N (7( 77 N 17 i, N
et o) | (L H(ZD) + X H(ZPN) ) dt + N.Zl (La H(Z]) + £ (ZPN)) at
]:

_ N2 . _
+ (eCpa + Cra) a§(<pm(|xng - X;|) riGiet f/(ri)dt + dM;.
We use (2.14) to bound £, H(Z}) and (2.17) to bound LN H(Z}™N). The interaction terms
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in AX and A¢ are decomposed and we define I,;** as follows
I =Gif'(r}) ZKX (Zi = Z]) - Kx » u(Z})
+ 6GLf! (1Y) ZKO (Zi — 7)) — K¢ = in(Z})

The second part of the decomposition is grouped in I. % with compensating terms that
appear with the use of (2.14) and (2.17), to control the sum

ey [ 25 (S - i+ i -
=
vacir o ( 2 (S - e -
el 1) | S5z eww (/12D ) + for (2o (o102 )|
i ZN;H(z)exp (a@)&;mzﬂ)exp (o)

We gather the expectations terms, obtained with (2.17), in I, 3,1', and we keep a fraction
of the Lyapunov function to control it

I =ef(r}) | (axLx + BxLe) (Z -] ) < \/ﬁ>
+ (acLx + BoLe) <Z] o ) ( \/7)

N
A i, i, j
,1—6H(Z ) exp( H(Z™N) ) 6N E: H(ZIN )Y exp <a H(Zf’N)>

Finally, we define f(g with the leftovers. It will, in particular, give the constraints on f
which explain its choice.

_ 1 _ ; N2
~Gi[2e (7)) + 5100) (20%ee (10 - K1)
)

+ 1) (476 + Lx + L) XY = K| = () - (X
+(1+ Lx +0Le = 8)|CyY = Cf| + (Cpa + Cra) Ux<PrC< ZN*XZ) )}

N
. ~ A~ = A = A P A
Y4B - ZH(Z) - =H(Z —_N"H(Z]) - H(ZN
+ef(ry) 16 (Z¢) 16 (2 NZ i) 16NZ )
|
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3.3 Controls of I, I and I

Proof of Lemma 3.6. Since we assume

j (axLx + BxLc) < % and 4 (acLx + BcLe) < 3&
and since
H(Z{™) exp (av H<ZZ"N>) < H(ZN)exp (a\/ H(Z:’N>) + H(ZN)exp ( H(Zz*N))
we obtain

(axLx + BxLc) (M) exp <a \ H(ZZN)>

N oiN 2 ,
+ (acLx + BcLc) (%) exp (a H(ZZ’N))

N
A i,N iN i\ N i\N
- 6N NH(Z; )exp(a H(Z, ))—f—le(Zg Yexp | a\/ H(Z]™) <0.
j=
Then, for each i < N, and for all ¢ > 0, Itg’i < 0. O

Proof of Lemma 3.5. We prove the non-positivity of + SN | I, First, since f’ (ri) <1,
we have

1N (1 N _
2 (e 1z -z
i=1 j=1

N
1 i, N i i, N 7 J J,N
SIS - Zilh+ <3 1z = Zih ( (2]) + 7))

7,7=1

and, using Lemma 2.7 (i)

1 - 01 &
i, N ~1 i
NZHZt = Zilh < NZ Tt )G,

i=1 i=1

and with Lemma 2.7 (iii)

S 1 - 2 (7 () + ) <e. S 100 (A () + z)

1,j=1 3,7=1

+€C. i f(rf) (\/H(ZE’N) + \/H(Z§)> (g (Zg) +H(Z§"N))_

1,j=1

Using (2.9) from Lemma 2.5, we obtain for the first sum
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With (2.10) from the same Lemma, we obtain for the second sum

. Z £ (\/H (ZiN) +\/H(Z)) ) (a1 (20) + z™))

i,j=1

<eC.2 i ) WH(Z:*N) + ¢H<Zz'>>

( H(Zg)exp<a H(g)>+Mexp( H(Zgw)>>.

Since for all (y1, y2,¥s,y4) € (IR+)4, we have

(y1 + y2) (y3€™¥® + yae™*) < 2 (yfe™' + y5e™ + y3e™¥® + yie™vt)

we obtain for this last sum

2o S gy (V) + )

( i yoso (o () + fr (7)o (o (7))
e Ry o) 1 o)
+4fz Z ) (mzDexo (/112D + 12 oo (/2 ).

4,J=1

Then, by reconsidering the first expression

11 A N
NZ Nf/(Ti)GiZHZi’N*ZiIh

i=1 =1
c N
<< ; FODG:
N
* %CZ i]z:;f(ri) (H(Zg)exp (a H(th)) + H(Z]™ ) exp (a H(th’N)))

+ %‘“szZf(rg) (H(Z;‘)exp (a H(Zg’)) + H(ZN)exp <a H(ZZ’N)>)

o) (1) e (/112D) + 1@ esw (/2 )

4,j=1
This way, by (2.21) since

8C, A
— 64’

c A
L < -, 2C,Lx < —
XC1_27 C. X< e
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we get

1 N

N
1 i 7 /s ~7
N EAHGEIWEASEIE
1 ¢ N L
§N2LX Zf(rt)Gt

i=1

- i_ ) (e exw (o1 ) + 112 exp (0 m(Z)) )
e i soby (Zeo (/02D + 1z e (/02N

N
€ A ; . — _ ;
* iy X, 1 (12 esw (ay/12D) + 1z exo (/11 (2Y) ) ).
and we finally obtain “half” the result

1 N

N N
i i [ Lx i\N 5 cl i\ vi
N E th/(rt) N E 1217 = Zi I TON E f(r)Gy
i=1 Jj=1 =1

t

216]\[ ;f(fi) [H(Zti)eXp <a H(Z§)> + H(ZN)exp (a H(Zi’N))]

%ﬁif(ﬁ) éH(Zg)exp<a\/H(th))+§H(Zg’N)exp<a H(Zt]N)) <0.

Likewise, by (2.21), since

SLoCy < S 90.6Le <2 and SLeeo: < A
2 a 64
we obtain the second “half”
1 oo Le (8N =i el
N 2G| S Y NEN ~ 2l | | - 55 Y f0DG
i=1 Jj=1 3

Eventually, we have proved Zi]\; 1 I <o.

Proof of Lemma 3.4. Since f'(r) < 1, we have by Cauchy-Schwarz inequality
1 & ,
B\ GI0D | |y 2 Kx (B = 20) = Fox il )
‘7:

o\ 1/2

oy 1/2 1 & P .

<E(G*) "B |5 D Kx(Zi - Z]) - Kx * u(Z))
j=1
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By Lemma 3.2, we have for each i < N, for all t > 0, E[(G})’] < Cq.».

Moreover, we notice that the (Zt] ) ; are ii.d with law fi;. Let’s denote Z; a generic
random variable of law Ji; independent of Z{. The calculus of the right term of the
product has already been done in Subsection 1.4, and we have (1.10)

2

1 & : _8L3
E N;KX(ZZ_Zg)—KX * i (Z;) NXE(HZtH
A similar calculation yields
2
1< i a . 8L,
E NZKC(ZZ_Zg)_KC*ﬁt(ZZ) <N —E(|Z:1D)-
j=1

By Lemma 2.4, E (| X;|? + [C;|?) < Cinit,2. In particular,

E (1 Z13) = ([1Xe] +1C.l]*) < 2B (1% + ICo?) < 2Cimie.

Thus
— 1 . _
E | Gyf'(ry) N ZKX(ZZ —Z]) — Kx * u(Z;) < Lxcl/Q\/ 2Cinit 2\/7
j=1
and likewise
N
E | Gif'(ry) Z — Ko * u(Z}) < Lccé;/;\/ 2Cinit,2 \/%

3.4 Contraction in various regions of space

The goal of this section is to prove Lemma 3.3, i.e show that for each : < N, for all
t > 0, we have the following control

ER §§(2+67+Lx+6LC—LC— 1+5LX) EG!.
Recall
~Gi[2e (1) + 5100) {20k (10 - K1)
+ 1) (U498 + L +6L0) [ XPY = K| = |(X0Y)” = (%))

+(+Lx+6Lc— )|01NfCZ|+(ecf1+cf2JX%C( ”foz) )}

N N
. . L 2\~ . N
NV |4B—- —H(Z}))— —H - — H(Z)
+ef(ry) (Z;) 16 ( t 16]\7; P Zr7) |,
which is a quantity that contains every term we have not yet dealt with. To prove
Lemma 3.3, we divide for each i € {1,..., N} the space into three regions

Reg! = {(Z;’, ZPNY st |XP— XN > ¢and i < R} ,
Regl, = {(Z;‘, ZPVy st |XP— XN < gand ¥l < Rl} :
Reg} {(ZI?,ZZ Myst.ori> R},
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where R was given in Lemma 2.1, and consider

N N

1 —i 1 i i i

¥ 2 BRi = 3 (B (Kitpeg,) + B (Kilpeg,) + E (KilReg;))-
i=1 =1

3.4.1 Region 1: ¢ < |X}"" — X/| and ri < R.

In this region of space, since ¢.(| X} — X/|) = 1, we have

K{lReg: =11Reg (Gi[2ef(rh) +20% S (r}) + 1/ (70) (Cra + Cp2) or
F/ 1470+ Ly + L) XN — Xi]|

GO~ 1~ Ly —3Le) O — Gl Gif (XN — (X))
+ef(rH)4B

et o) | g0 + R 4 g SR + gy SRS | )

and since H(z) > 0, |X{" — Xj| < ri, § > 1 (by the choice given in Subsection 2.4)
and 1 < G¢ we have

KZ]lReg <IReg: G [(20+4eB)f(ri) +20% 1" (r})

+f'(r}) (1+6v+ Lx +6Lc + (eCy1 + Crp) 0%) 7i] -
Using the definition f given in (2.20) we get

20% f"(r) + /(1) (1 + 67 + Lx + Lo + (eCpa + Cp ) 0%) 7
=20%¢' (r})g(r}) + 205 6(r)g' (r})
+ qb(rt) r ) (1 +6y+Lx +0Lc+ (Cs1+Cy2) ag() ry
=20%¢(r))g'(r}) = —(2c+ 4eB)®(r}).

Thus

(2¢ + 4€B)f(7“i) +20% £ (r8) + f'(r}) (1 +6y+Lx +dLc+ (eCr1+Cy2) ai) r
= (2c+ 4eB) f(r}) — (2c + 4eB)®(r?) (3.12)
<0.

Eventually, in this region of space

KzﬂRegl < 0
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3.4.2 Region 2: |X/"" — X{| < ¢ and r! < R.

In this region, we can write K| as

~ . . . . _.\2 . . .
K;]lReg; = ﬂReg;G; [QCf(Tz) + SDI‘C<|Xt7N - X“) [20'§(fﬂ(7’;) + (ecf,l + Cf,?) Ug(riztfl(rtzf)}
+ 700 (1498 + L + SLo)|XPN = Xi| = (6= 1 = Lx = L)l = Gl |
i i i,N\3 i\ 3
- ]lReg;th/(Tt)KXt N) —(X3)|

+ ]lReggef(ri)élB

A A )\ a /\ N
7 7 i [ N
— D Reg: | HH(Z) + H(Z™) + o § A § H(Z

Since 7! = |XZ’2’ —Xi|+6|CPN —Cil and | XN — X| < €, we have |C{N —Cf| > (11 —€)/6.
X
1— Lo’

Since § > we obtain

2
i i i LN i i i i
Kt]lReg; SﬂReg;Gt [QCf(Tt) + @re (|Xt - X |) [QUg(f”(Tt) + (€1 + Cy,2) Ugﬂ’tf/(rtﬂ

+ (i) ((1 446+ L +0Lc)e — (6 — 6L —1— LXyzg—&)}
S(prc(|Xg7N B X’”) Gilgeg: [20%f"(1}) + (Cra + Cpa) oxmi f'(r1)]

1+ Lx
0

+ ]lReg;Gif/(Tz)f |:1 +~40+Lx +06Lc+1— Lo —

o 1+ L
+ IReg: Gt ((2c+463)f(ri)—rif'(ri) (1_LC_ +5 X))
By (3.12),

20% f"(r}) + (eCpa + Cp2) oX 1y f'(r}) = —(2¢ + 4eB)@(r}) — f'(ry)ri (1 + &7 + Lx + Lc)
<0,

and by Lemma 2.6

. 1+ L '
2c+4eB§(1—LC— + X) o L0

5 )reonr f(r)
we obtain
KilRegi <IReg: CGif (1) {1 +90+ Ly +0Le +1- Lo — —— } _

Finally, since f/(r) <1,

iy 1+ L .
EK{1Reg: §§<2+57+Lx+6Lc—Lc— ; X)]EG;.
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3.4.3 Region 3: 7} > R.
In this region of space f' = f”” = 0 and f is constant, and we therefore have
Ae 1 1 &
L e i Ny L ooy L 5 i N
BT GRS LIRS SOER
j= j=

Since Gi = 1+eH(Z{)+eH (2™ )+ £ S0 H(Z]™N)+ % Y1, H(Z) by definition (2.26),
we can write

Kilpeg: =/ (i) IReg: [2¢+4eB

N
ve (2o g ) (@) + BN 4§ S EED + 5 Y @Y

Since ¢ < \/32 by the choice given in Subsection 2.4, we obtain
ri i P A i i
Kt]lReg; < f(rt)]lReg; [204— 4eB — € (1_6 — 20) (H(Z}) + H(Zt’N))} .

We have chosen R such that, for z, 2’ satisfying » > R, we have H(z) + H(z') > 80%S by
Lemma 2.1 (iv). Therefore

y , - ) B
H i < : i — _— — —
Kt]lRegg —f(rt)]lRegs <20 +4eB — ¢ (16 20) 80 )\>

:f(ri)]lReg; <20 (1 + 80%) — eB)

Lemma 2.6 and more specifically the inequality
P 80eB
eB A A\

1
<—7~:—7~
0_21+80% 1607 4 808

yields the desired result: KtiIlRegi <0.
3

A Various technical lemmas

A.1 On Ito’s formula for the L! norm

Let us here detail the calculations leading to the use of It6’s formula to derive the
dynamics of the L' norm of the processes. At first glance it should not be possible, as the
absolute value is not a twice continuously differentiable function. However, in our case,
we consider a diffusion coefficient which is zero around the point of discontinuity of
the function. The following lemma is based on the calculations done in Lemma 7 of [8],
and relies on an approximation of the absolute value function and usual convergence
lemmas. We here give a quite general result.

Lemma A.l. Let (X, X;,C;,C}) be continuous processes and F,G : R* x R* — R
be two continuous functions. Assume furthermore that there is Rg > 0 such that
G(t,z,2',¢,d) =0 if |x — 2'| < R and that G is bounded. Consider the dynamics

d(X, — X]) = F(t, Xy, X, Cy, Clydt + G(t, Xy, X[, Cy, C})dBy,
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where B is a Brownian motion. Then almost surely for allt > 0

d|X: — Xj| =sign(X: — X[)F(t, Xt, X, Cy, C})dt

+ sign(X; — X))G(t, Xy, X!, Cy, Cl)dBy, (A1)
where
1 ifx >0
sign(z) =< 0 ifr =20
-1 ifx<O.

Proof. By the standard It6’s formula for twice continuously differentiable functions, we
have

d(Xy — X))* =2(X, — X)F(t, Xy, X1, Cy, Chdt + 2(X, — XDG(t, Xi, X1, Cy, CHdB,
+ G3(t, Xy, X{, Cy, C))dt.

Consider, for 7 > 0 (which in the end will go to 0), the function v, (r) = (r + n)*/? which
is smooth on [0, oo[ and satisfies

vr >0, lim Pn(r) = /2 lim 2 (r) =712, lim Ayl (r) = —r~3/2
and thus 71]13% 2y (r) + by (r) = 0 and Vr € R, 71]13%) 2ry! (r?) = sign(r).
Then
iy (X0 = X0)°) =200 = XDy, (X0 = XD)) F(t, X0, X, Co, Gt

+ 20X, - X[, (X0 = X))°) G(t, X0, X[, €1, C)dBy
+ 4 ((Xt - X;)Q) G2(t, Xy, X!, Cy, CL)dt
+2(X; — X)) ((Xt - X;)Q) G2(t, Xy, X, Cy, C)dt,

which is just another way of writing that forallt > 0

Uy ((Xt - Xé)Q) = Uy ((Xo - XS)Q)
o "X, - XD, ?) F(s. X, X1, C,Cl)ds

(X, — X!

S

t
+ [ 20x - X, ) Gs. X, X1, € C)AB,
0

t
[ (o (06 = x0%) 206 - X0 (06 - X0°)) 626, X, X, Cuu Clds
0
We now compute the limit of each term. First
U (X0 = XDP) — 1X - X1 and o, (X0 - X0)*) — X0 — X},
n—0 n—0
Then
| Xs — X

20 = XDy, (X, - X)) | = (X, — X1)% 47 =
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Thus for all ¢ > 0, by dominated convergence (recall F' is a continuous function, thus
integrable on [0, t]), we obtain almost surely

t
/ 2(X, — X)), ((XS - X;)Q)F(S,XS, X!, 0y, Cl)ds
0
t
—— | sign(X, — X))F(s, X5, X.,C,,CL)ds,
n—0 0

and by Theorem 2.12 Chapter 4 of [26], almost surely we have

t
/ 2(X, — X0)i, ((XS - X;)Q)G(S,Xs, X!, 0y, Cl)dB,
0
t
— Sign(XS 7X;)G(55X55X;70570;)dB55
n—0 0

Finally, since G(s, X5, X.,Cs,CL) = 0if | X, — X!| < Rg and

o (X = XD7) + 2000 - XD (X0 - x0)°)

B 1 (X, — X!)?

- - 3/2
2 (X, — X1)?+1 ((Xs - X1)% + 77)

_1 n

9 3/2
2 (- X0 +0)

A

“2|X, — X/

by dominated convergence we almost surely have

/t (wg ((XS - X;)Q) +2(X, — X0y ((XS - X;)Q)) GP (s, X, X[, Cs, Cl)ds — 0
0

Thus for all t > 0 we almost surely have (A.1), and continuity allows us to conclude that
we almost surely have for all ¢ > 0 (A.1). O

A.2 On Lemma 2.1
Lemma A.2. Forall z = (z,c), 2’ = (2/,¢) € RY, denoting r(z,2') = |z — 2’| + |c — ¢|

2 16(1 + 62)

S S (1) (H(z) + H(Z")) , (A.2)

r(z,2")

1280(1 4 6*)B

so that, in particular, for any constant B > 0, ifr(z,2') > R = - , then
Amin(v, 1)
AH (z) + AH(z') > 80B.
Proof. We have H(z) > Ja? + % > Lmin(y,1) (#2 + ¢?). Thus
r(z,2)" =(|z — 2’| + 8le — ¢))”
<4(1+6%) (2% + ) +4(1 +0%) (2% + ¢?)
(1+4%) /
<16—— (H H
<6, (H () + ()
Od
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A.3 Proof of Lyapunov’s property of H and its consequences

Lyapunov’s property

Proof of Lemma 2.2. We write the proof for (2.3), as it also yields (2.4) by considering
u to be the empirical measure. We notice

OcH=c+a and OxH=~yx+pf,
so

L, H(2) =0, H(2)(x — ) + 0, H(2)Kx * p(2) — co.H(z)

+ 0cH(z)Ke * pu(z) + %7 + %
=(yz + B)(z — %) = ¢(c + a) + (vz + B)Kx * u(2)
+ (et a)kc s () + DL 4 %2,

First, we focus on the interaction terms. We have
K ()] < [ [l = #)lutd)
< [ Lallisl+ 1 )n(a).
R2
Hence,

(v + B)Kx * pu(z)
<Lx(vlz] + B) (=] + le| + En(IX]) + Eu(IC]))
<Lx (ylz* +7lzllel + v[2[Bu(1X]) + v]2[ELu(IC]) + Blz| + Ble| + SEL(1X])
+BEL(|C1))

and using Young’s inequality ab < %aQ + ﬁbQ (o = 16 when we separate the x and ¢
terms, and o = 1 otherwise on the various terms) we get

(v + B)Kx * u(2)

2 E C 2
<x (vlal? + 8920 + 1 Lo 4 DB, x)2 4 sy + 21Dy T
F s BullC)
BE pgge e B g ax? 18 7)
+2+ﬁ+32+2+ n(1X1)* + 857+ =50

3 1 E,(|C))?
L (”52 el (5 5141097 + e B (3 5) + %) -

Likewise

(c+ a)K¢ * u(z) <L¢ (17a2+ —|z]* +|cf? (3 3) 17IE L(1X))?

»
B0 (5+35) )

The idea is to bound AH(z) + £, H(z), by distinguishing 3 types of terms: we isolate
terms in ]E#(|C’|)2 -2, ]E#(|X|)2 — 22, and we group polynomial terms. Then, we notice
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the polynomial is upper bounded by a constant A. Thus

2 2
AH(z) + L, H(z) — % - ‘%C

1 1
=\ <§’yx2 + Bz + §c2 + ac+ Ho) + (vz 4+ B)(x — 2%) — cc+ )

+ (v + B)Kx * p(2) + (¢ + o) K * pu(2)
< (AHo +178°Lx 4+ 17a’L¢) — va* — Bz® + (1 + \) Bz

A
+ ((1 + 5)7 + Lx (1+2y+169%) + 17LC> x2

%"+Lc (2+%) —(1—3))02—(1—A)a0

1
1 17
gLX +30x + 7LC> (]E#(|X|)2 _ z2) .

Provided that

there is A > 0 such that

A
—vyat—Ba® + (1 + \)Bx + ((1 + 5)7 + Lx (14274 169%) + 17Lc) z’

()P0

Hence the result
£,H(2) < B+ (axLx + BxLe) (Bu(X))? - 72)
+ (acLx + BeLe) (Bu(CN? = &) = AH(2).
O

First consequences

Proof of Proposition 2.3. Inequality (2.5) simply relies on the sum of (2.4) for each ¢ and
the fact that £V (H (ZZN)) =0fori+#j

w2l (1 (2)) = 5 e (1 (2))
+ (acLx + feLc) <1§3|0va|> — ™)) = (zY)
1 iN
gBAN;H@; )
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2
The last inequality uses the fact that (% PO |yz|) — LS (y:)* < 0forall (Yi)1<i<n €
RV, O

Bounds on the second moments of processes We can now prove the uniform in
bounds on the second moments of Xti’N, CZ’N, X} and C} from (2.3) and (2.4). Let’s
notice that (X}, C;"™"), coincides with (X;"V, C;"™), before the time T, defined in
Subsection 1.3. Since our interest is in (XZ’N, C’Z’N)i, we chose to give the proof of the
Proposition 1.6. The proof of the Lemma 1.5 is very similar.

Proof of Proposition 1.6. Kx and K¢ are Lipschitz with constants Lx and Lo respec-
tivelyj We do not assume any bounds on these constants. We assume for each i < N,
E(|X{N]?) < 400 and E(|Ci™N]?) < 400. We have

Nt N N M N N won 1 N N
d W;H(Zt’ ) )\W;H(Zt' )dt+e C N;H(th ) dt + dM,,
where M; is a local martingale. Using (2.4)
et N N
d W;H(Zt’) = Aydt + dM,,

where A, < Be. Let 7, be an increasing sequence of localizing stopping times con-
verging to oo for M;

ekt/\Tn, N . 1 N . tATh
E SH (ZZ}\JZH) <E(=Y H (ZS’N) +E ( / Be’\sds)
N i=1 N i=1 0
1 N E (e/\tATn,) -1
<E(=N"H (Z“ ) B )~
<6 (3 2on(a") )+ o2

<E iiﬂ(zi“) Bmax (L L
= Ni:1 0 max )\ 5|)\| I

where the maximum on this last inequality depends on the sign of A. By Fatou’s lemma,
we obtain

ME (i iv:H (ZN)> —E <lim g XN: H (2] ))
N — t "— 00 N . tATH
<l eAt/\Tn N N

<lim inf E ( A (Zi’m)>

1 & M1 1
<E (N;H<ZON)> + B max (T,m)

Hence the various bounds on E <|XZ’N|2) and E (|C’ZN|2) since by Lemma 2.1 (i) we
have

2

. , 1 .
EH (ZZ’N) > %]E (|XZ’N|2) LR (|CZ’N|2)

4
. . . 3
and EH (Zé"N) <AE (|X3=N|2) +E (|057N|2) + S Ho.
These bounds are uniform in time provided A > 0, i.e LTX +Lc(24+3) <1. O
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Proof of Proposition 1.7 and Lemma 2.4. The proof is done in exactly the same way as
the proof of Proposition 1.6 above using (2.3).

O
A.4 Proof of Lemma 2.6
We now prove that there are constants ¢, € and ¢ such that
-1
- 0% R .
c+ 2eB §7 D(s)p(s) "ds (A.3)
0
detdeB < (1 Lo— 1EEXY L0 (A.4)
& € — — min .
- © ] re(0,R] f(r)
80eB
c<——2 (A.5)
- 80¢B
160 1 4 80cB
1+ Lx
0> A.6
Lo (A.6)

* Since forallu >0,0 < ¢ (u) <1, wehave 0 < ®(s) = [ ¢ (u)du < s,i.es/®(s) > 1.
Therefore

inf T2 S it b)) =6 (R).

re(0,R] @ (r) ~ re(0,R]

It is thus sufficient for (A.4) to have

~ 1 1+ L
2c+4eB < 5 <1Lc +6 X> ¢ (R).
* We have
¢ (r) < -
X —— .
r) < exp 4(7%(7"
So
[e’e) T2
D (r) < / exp (——2) dr = ox /7.
0 dox
Then
R
D (r) 1
dr < ox/TR——.
/0 ¢ (r) ¢ (R)
It is thus sufficient for (A.3) that
- _ ox ¢(R)
2¢eB < — 1+~
ctoess 2v/m R

* The various conditions involving c invite us to consider 2¢ B = nc. Then

< % < A 40nc
c< ——— & ¢c< ———
— 1601 4 80§B — 160 A 4 40nc
n .
<— 1< A———— (sincec>0
= AT 1607 ¢20)
< A n—4
<~ cC —_— .
— 160 7
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* We choose to write
1 + LX max 1 + LX

>
1- LC,max 1- LC
¢ Let us assume, for simplicity, that ¢ < 1. It is sufficient for this later condition to
have

§=(1+70)

2B
c< —.
n
» The appearance of ¢ (R) suggests we should try to minimize it. We recall
1

¢(r) =exp < yp=y (1 + v+ Lx +Lc+ (eCs1+Cy2) O%() T2)
X

1
ZeXp( oz (L+0v+Lx +dLe +(Cra +Cf2)UX)T2)-
X

It is therefore sufficient for (A.3) to have

1 ox 1
- 1 N R®
and for (A.4) to have

1 1+ Lx
<—(1-L¢c—
—2<1+n>( s )

2

R
X exp (_F (1+6y+ Lx +0Lc + (Cp1+Cyp2) ag()) .
X

1
(F (1+6y+Lx +6Lc + (Cpa +Cy2)0%) RQ) :
X

* Finally, we bound Lx and L¢ by either 0 or Lx max and Lc max, to obtain bounds
on c independent of Lx and L¢.

A.5 Proof of Lemma 2.7
Let 2,2’ € R2.

Proof of control of the L' distance: We have

Iz =2l = |z =2/ + e =] < (lz = 2’| + 0le = ) = ——=—=r(2,7).

1
min (J, 1)
Ifr(z,2') <1 < R, we have, using Lemma 2.6

LD )
@) S TR S SR

If r(z,2') > 1, we have, using (A.2)

] (1 +eH(z) + ef{(z/)) .

r(z,2') <r(z,z')?
L 16(1+67%) 5?)
emm emin (7,1)
16(1 +62) f(r)
emln (7, 1) f(1)

(eH(z) + eH ("))

(1+eH(2)+eH(Z))

_16(1+6%)  f(r) _ o
< cin (5. 1) G(g(y (L H )+ ).
Thus
/ 1 16(1 + 62) . _ o
o= < T S ™ (m1) F(r(z,2") (1 e (2) +eH(z )) .
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Proof of control of the 1.2 distance: We have

r(z,2) = (o — | + 8lc = ) >|z — 2/ + 6%c — ¢

>min (1,6%) (Jz — 2'* + |e — ¢?) .
If r(z,2') > 1, we have, using (A.2)

n2 _16(1+462)  f(r)
r(z,2") Semin (7,1) ¢(R)g(R)

Ifr(z,2") <1 < R, we have, using Lemma 2.6

o , f(r) f(r)
r(z,2')" <r(z,z2") < 7 (R) < #(R)g(R)

(1 +eH(z) + el:l(z')) .

(1 +eH(z) + el:l(z')) .

1 1 16(1 + 42
'H2 < max g
emin (7, 1)

,1) f(r(z,2) (1 +eH(z) + ef{(z’)) :

Proof of the second control of the L' distance: We have, if7(z,2') <1< R

f(r) f(r)
ST®) S oRyR)

and, if r(z,2’) > 1, recall Lemma 2.1.

<1+e\/H(z)+e\/H(z’)).

r(z,2')

== 2l <20+ S + VTG + V)
<4max (\/g 1) (\/WJF \/W)

S%max <\/g, 1> % (1 +eV/H(z) + e\/H(Z’)) .

and thus

Iz — 2| < m max (1, % max (\E 1)) Fr(z. ) (14 eVHG) + e/HE))

Independence with respect to Ly and Lo The a priori bounds Lx € [0, Lx max] and
L¢c € [0, Le,max) allow us to bound ¢(R) independently of L and Lx by ¢nin (and we
also use g(R) > %), thus giving us constant C;, C; and C, independent of Lo and Lx.

A.6 Proof of Lemmas 3.2 and 3.7

Proof of Lemma 3.2. Let’s prove there exists a uniform in time bound on E(G!) and
E[(G})?). First, let’s recall the definition of G from(2.26)

o,

N N
. ~ ~ i € ~ . € ~
G =1+ eH(Z}) + eH(Z)N) + ~ > H(zZIN) + ~ Y H(ZY).
j=1 j=1

The idea is to bound the different expectations in terms of the expectations at time ¢ = 0.
Since IE(e(Xol+IC0D)) is finite, we know that for each k € IN, E(|Xo|*) and E(|Cp|*) are
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also finite. We deduce that for each k& € IN, for each j < N, ]E[H(Zg)k] and ]E[H(Zg’N)k]
are finite.

In fact, to bound uniformly in time the first moment, we only have to bound E(H (Z/""))
and E(H(Z!)) for each j < N. Let’s begin with Z. By (2.16), we have

[ (7)) =B e[ (7))
By using Itd’s formula on e*/4H (Zi ) and the bound above, we obtain
g [ ()] <5 vt (e[ (2)] - 7
< (E (7)), %) |

By (2.9), in Lemma 2.5, we deduce the following inequality and we apply Cauchy-
Schwarz inequality

Bl (Z)] <k

i () s 1 (21
Ve <2a H(zg)>

_ N2
<E [H (Zg) } E
N2
We already know IE [H (Zg) ] is bounded. Now, it is enough to prove that there exist C

1/2
(A.7)

such that for all z € R2

exp <2a\/H (z)) < O x efllzltlel),

In fact, from the definition of H in (2.1), we have

2v/H(2) \/5\/7<z+ g) + (¢4 a)* + Hy
<2y x+§’+\/§|c+a|+\/?o

1
<V2le] + V2l + ~InC,

where C is a constant independent of z. Finally, since max (a+/27, a\/§) < a, we have

exp (2a/H (2)) < € x oI+,

Then, E |:exp (Qa, |H (Zg))] is bounded and we deduce E(H(Z?)) is bounded for each

J < Nandallt>0.
The same calculations can be done for 7 N By (2.19), we have

(LS azy)) <52 (LS a
AN ) < BT F AN ).
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In particular,

E <%§ﬁ(z§”)> N ( ZH (ZPM) )

and we can use the same method as above.

Finally, we have proved that for each j < N, E(H(Z"")) and E(H (Z})) are bounded
uniformly in time. Thus, ]E(G;) is bounded uniformly in time (and in N).

To bound the second moment of G, we have to bound each type of the following
expectations E[A (2] H(z{*™)|, B (z]"™)H(Z])), BIH(Z})H(ZP)), BH(ZPY))
and E[H (Z] )2]. By Cauchy-Schwarz inequality, it is in fact enough to bound E[H (Z7"" )2]
and E[H(Z})?).

First, by the definition of Hin (2.8),

f[(z)QZ(—eXp( VHE)) (av/H ) 32)
<22— exp (2@\/1’[ ) ( ) 2_4
< cxp o FTT) a0+

<E <B-

>J>|>/

E (% iff(zz‘”)) ,

As for the first moment, the study of Zf N s very similar to the one of Zf . Here, we only
focus on the second one.

Using Cauchy-Schwarz inequality, bounds on E [H(Zt])ﬂ and E [exp (4a H(Zt]))]
are sufficient to bound E[H (Z/ )2] The latter has already been bounded uniformly in

time, and the former can be obtained by the same calculations as previously, replacing
a by 4a (and thus assuming @ > 4v/2a max(,/7, 1), which we do).

Finally, we deduce ((G};)Q) is bounded uniformly in time. O

Proof of Lemma 3.7. Using 0x H(z) = yx + 3, we have

o f1(ZiN) — ox H(Z)
N iN i 7i

= ’(fth + 6) exp (a H(Z; )) — ('th + 6) exp (a H(Zt)) ’

<exp <a H(Z;'=N)> + exp <a H(Z;’)))

exp (a H(ZZ’N)) — exp <a H(Z;‘)) ‘

< ‘VX:’N -7 Xi

+ |y X7 + B

' ol
Since ’Xj’ _xil <,

”YXZ’N — X}

(exp (a H(Zti’N)) + exp (a H(Zé)))
<yri <eXp <a H(Z;'=N)> + exp (a H(Z§)>)

By Lemma 2.1 (ii), we have H(z) > 1 min ( ) (vz + B)°. By the mean value theorem,
for all y; < y- in R, there exists ys E [y1,y2] such that e®? — e%W2 = q(y; — yo)e¥2. In
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particular, we have the following control |e®V' — e®¥2| < a|y; — y2|(e?¥* + e¥2). Thus

exp <a H(ZZ’N)> — exp (a H(Z;‘)N
i ‘\/H (2iN) —\H(Z)) (exp (a H(ZZ’N)) +exp (a H( ‘;‘)))
< aW’H ZNY — H(Z)) <exp (a H(Zti’N)> + exp <a H(Z;‘))) .

Then by the definition of H we get

[V Xi + B

<a

|H(Z™N) ~1(Z))

1 i,N\2 i\ 2 i, i 1 i,N\2 ~iy2 i, ~i
=]5w(<xt”> - (X )+6<XtN—Xt>+—(<ctN> —(ED) +alCiY - )
V‘XzNin XzNJerJrﬂ‘XzNin ‘Ci,NiciZ Cz,N+CVZ
+a‘C’Z’NfC§.

Now, by Lemma 2.1 (i), we have H(z) > a2 + icz and since ‘Xti’N - X}
i, N ~i
t - Ct

< ri and

IS

<ri/s, we get

i =5l (g e i) <ot (v (Vi@ + i) +5)
and
‘CZ,N o ( ‘Cuv+cz +a) % <\/H(ZZ’N)+ \/H(ZZ') +a) :
Thus
iz - wizo| < (4 §) i (vae 5 )t (Vi) i),
Finally,

Ox F(Z0Y) - 0 L(Z])
<vri <exp <a H(ZZ’N)> + exp <a H(Z;‘)))
oIt (5 2) ot (oo (/) + oo (/70
vavamas D) (va+ 3ok (VA + 1 E))
« <exp (a H(ZZ’N)> +exp <a H (Zé)))
< (++ om0 (54 %)) (o0 (/A e (/120 )
+arty/ B (7.1 (V7 + )

x (2\/H(ZZ’N)eXp (a H(ZZ’N)) +2\/@exp (a H(Z;‘))) :
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Now, we can finally use Lemma 2.5, and more precisely (2.9) and (2.10), we obtain

Ox H(Z;™) — 0x H(Z))
<ot (v avBma 0, (54 ) () + 8(Z) + 5 (772 -1))
+ ar}\/2max (v, 1) (ﬁ + %) (mﬁ(z;’”) - g(e ~2) +2aH(Z}) + %(e —2))
<rf (ﬁ(ZZ’N) + ff(ZZ)) [7 + ay/2max (v, 1) (ﬁ + %) +202\/2max (7, 1) (ﬁ n %)]
(v (04 2) & 1)

+ a0 (Vi3 ) e-2)].

We denote by Cr; and Cy > (given in Lemma 2.6) the following constants

Cr = |(r-+ov B 5+ 5)) g2 (¢ 1)
+ /B (V745 ) (e-2)]
Cra=4 |+ avBma(7.1) (54 5) + 20V Emax D) (Vi + 3 )]

By the definition of G} and since G} > 1, we obtain

7 i [7( 7% lGlC i iC
Ox H(ZN) — ox H(Z))| < Tt?t% n Tth%7

and eventually

1Y o iN O oi)2 = i N = 5
2¢ 1+N oxerc | Xy — Xi|) |OxH(Zy™) — 0xH(Zy)

. _.\2 .
< (eCra +Cra) ohpne (IXPN = X)) riG

B Proof of Theorem 1.4 in the case oy = 0 and oo > 0

We quickly explain in this section how we may also deal with the case cx = 0 and
oc > 0. Recall how the choice of the coupling method was motivated by the observation

in (1.9) that the difference of potentials ’CE’N — C!| was naturally contracting when

‘XZ N _ X;’ was close to 0. This lead us to use a reflection coupling on the Brownian
motions acting on the potential X, to bring the difference close to 0, and it was thus
necessary for ox to be positive (c¢c however did not matter). In the case ox = 0, we
then have to assume o¢ > 0, and we do a change of variable, motivated by the following
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observation. We have, when ox = 0

axiY = X = (Y = X = (™) = (X - N - ) at

N
1 iN PN _ i
o F R ) e |
iz

= (20x0Y = XD - (€N = ) = (3PN = XD = (YY) = (X)) de

N
1 i\N i\N 5
+ NZ;KX(Zt — 777 — Kx * p(Z}) | dt.
i=

Thus
dIx; ™ - Xi| =sign(X;N - X)) (2(XPN - X)) - (7N - O) e
i,N\3 i3 i, i
= (1) = (XD = 1Y - X))t
N

. i viv [ L i j ~( 7
+ sign(X;" — X}) ~ S Kx(zpN - ZPN) - Kx «p(Z)) | dt.
j=1

The quantity | X;" — X/| is therefore naturally contracting when [2(X;" — X}) — (C}"™ —
C?)] is close to 0. Thanks to the presence of a Brownian motion in the stochastic differ-
ential equations defining the potential C, we can now use a reflection coupling to have
12(XN — Xi) — (¢ — C%)| go to 0. Consider the following coupling

: i iN\3 i 1 ; }
dXtvN = (XtvN — (Xt7N) - Ct’N — a)dt + N Zjv:l KX(Zt7N _ Zg,N)dt
) i i 1 ; _
dCPN = (XN — N 4 B)at + ~ z;vzl Ke(ZiN — z7N)dt
+ocpse (120X = X{) = (€)Y = Ol ) dBp*o©

Faogn (12000 - X - (©F - Cpl) asirec,

(B.1)

and

dX} = (X{ — (X))’ = C} — a)dt + Kx = p(Z])dt
dC} = (vX§ — Ci + B)dt + K¢ * p(Z})dt

tocwes (1250 = Xi) = (7N = O} a8 2)

oo (120N = Xi) = (€PN - O ) aBye©
p=L((X},C)),

and for § > 0, the following modified distance
i oN i WN i N A
Ty =0|XyT = Xy + [2(XyT — Xp) — (G = Y-

Like previously, we consider a modified semi-metric of the form % S f(rH)G? and similar
calculations yield

d(e“ f(ri)GY) < e* Kidt + dM;,
where M} is a continuous local martingale and
K=K +IM+ 17"+ 1"

MNA 3 (2023), paper 3. https://mna.episciences.org/
Page 46/50


https://doi.org/10.46298/mna.9748
https://mna.episciences.org/

L. Colombani P. Le Bris

We define K, 1", I?" and I*" as follows

[ 7 7 1"y 2 i,N Ui i, N 1 2

K} =G [20f(r}) + 26" (oo (120X = X7) — (PN = C))))
i i, i i, ~i i,N\3 )3

+f’(rt)(\2(XtN—Xt)—(CtN—Ct) @+1) = (X)) = (X760 —2)

+| XN — X (=6 4+ 7+ Lx (6 +2) + Lo) + |CFN — CH(Lx (6 +2) + Le)

. . ) _ . 2 .
oo (RO - D) - (€2 = D) (e + o))

+ef(r)) [ 4B -

N
% i i 1 § 71 737 = (71
ItL :thl(rt) (5+2) N KX(Zt —Zg)—KX *Mt(Zt)

j=1
N .
(w2 me -z - e emaz] )|
iz
I N
i i g X N N A
I =Gif'(r}) | (5+2) A DX = X+ 1ot - ¢
j=1
I N
c N o N A
=~ DN - X+ |cPY - G|
j=1

- ef 06— efrd) | gD exw (12D ) + (N e (a/1Z)) |
s S%Nimzbexp (/D)

N
A . ,
7N 7, N
+ TN ElH(Zt ) exp (a H(Z; )> ,
‘7:

_ _ N XV -
12 =ef(r)) | (axLx + BxLe) (%) exp<a H(ZZ’N)>

N iV 2 :
+ (acLx + BcLc) <%> exp (a H(ZZ’N))

N
A N N A JN 5N
— T H (27 exp (a H(Z! )>16—NJZH(Zt Yexp (a\/H(ZI™N)

1

We then have the additional constraint of 6 > 2 (so that the coefficient appearing in
. 3 _ . .

front of |(X;™)" — (Xg)3| in the expression of K} is non-positive). Otherwise, we deal

with the various terms exactly as previously, through the choice of a sufficiently concave
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function f and a law of large numbers, and by considering the regions of space
Reg) = {(Z;‘, ZPNy st 2PN = X)) — (CpN = Cf)| > €and 7} < R} :
Regy = {(Z1, Zi™) sit. 120X = X)) = (CPY = C)| < amd v} < Bu },

Reg), = {(ZZ, ZMNy st > R} ,

Index

Throughout this article, we define many parameters and constants. For the sake of
clarity, we list the main ones here so as to give the reader an index to refer to.

« X,C,Z: X and C are the processes we consider (see (1.1) and (1.2)) and we
often refer to Z = (X, C),

o iy = Law(Zy): the density of the non-linear limit (see (1.2)),
e a,B,v,0x,0C: parameters of the problem (see (1.1)),

* Kx,Kc,Lx, Lc, Lx max; Lc,max: Kx (resp. K¢) is a Lipschitz continuous inter-
action kernel, with Lipschitz constant Ly € [0, Lx max| (resp. Lo € [0, Lc,max]), @s
given in Assumption 1.1. In the case of uniform in time propagation of chaos, the
inequalities L x and Lo must satisfy are listed in Subsection 2.4,

* We: the usual Wasserstein distance associated to the L? distance (see (1.3)),

* a,a,Cinit,exp: constants used to give an exponential initial moment to the prob-
lem (see the assumptions of Theorem 1.4 and Section 2.3),

« \,B,B,H H,ax,ac, Bx,8c: H (resp. H) is a Lyapunov functions given in (2.1)
(resp. (2.8)). Its main property involves parameters A and B (resp. A and B), as
can for instance be seen in (2.3) (resp. (2.14)). ax, ac, Bx and B¢ are intermediate
constants given in Lemma 2.2,

e C: a contraction rate (see Subsection 2.4),

e r.fg,6,® G,p,6,R,€Cr1,Cra: f (see (2.20)) is a concave function, the defi-
nition of which involves g, ¢, ® (see Subsection 2.4). Function G (see (2.26)) is
then used to define p (see (2.25)), the semi-metric we consider in the end. All
these notations thus refer to the modified distance we consider. These functions
will be applied to a modification r of the usual L' distance (see equation (2.24)).
Then, parameters 6, R, €, Cr1, and Cyo are used to define such functions (see
Subsection 2.4 for some explicit values),

* Ro, min: intermediate constants (see Subsection 2.4),

* Cinit,2: uniform in time bound on the second moment of the processes (see
Lemma 2.4),

e (C1,Ca,Cy: constants used to quantify the control our modified distance has over
the usual L! and L? distance (see Lemma 2.7 for the control and Subsection 2.4
for explicit values),

* Ore, Pse, & ¢rc and ¢s. are two Lipschitz continuous functions used to define the
coupling method, and their definitions involve a parameter £ which converges to
0 in the end (see the beginning of Section 3),

* Crm: used to explicit the control of the Lyapunov function H over the distance
r (see Lemma 2.1),
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