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Abstract

We investigate a stochastic network composed of Integrate-and-Fire spiking neurons,
focusing on its mean-field asymptotics. We consider an invariant probability measure
of the McKean-Vlasov equation and establish an explicit sufficient condition to ensure
the local stability of this invariant distribution. Furthermore, we prove a conjecture
proposed initially by J. Touboul and P. Robert regarding the bistable nature of a spe-
cific instance of this neuronal model.
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1 Introduction

We consider a network of N spiking neurons. Each neuron is characterized by its
membrane potential (X;"");>. Each neuron emits “spikes” randomly, at a rate f(X;""),
which only depends on its membrane potential. The function f : R — R, is determinis-
tic. When a neuron spikes (say neuron ¢ spikes at time 7), its potential is instantaneously
reset to zero (we say zero is the resting value) while the other neurons receive a small
kick:

Xi;N =0, and Vj#1, X7j_’,+N :XZ’,N 4N

i—j"

In this equation, the synaptic weight Jﬁ)j is a deterministic constant that models the
interaction between the neurons i and j. Finally, between the spikes, each neuron

follows its own dynamics given by the scalar ODE:
i, N iN
X = b(Xt )a

where b : R — R is a deterministic function. We say that b models the sub-threshold
dynamics of the neuron. We are interested in the dynamics of one particle (say (th’N )
in the limit where the number of particles N goes to infinity. To simplify, we assume
that the neurons are all-to-all connected with the same weight:

Viv.ja 27&] ng)j:N-
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On a mean-field model of spiking neurons

In this work, the deterministic constant J is non-negative (when f is non-decreasing, we
say it is an excitatory network). At the initial time, all the neurons start with i.i.d. initial
conditions with law v € P(R;). We assume that 5(0) > 0, so the membrane potentials
stay on R+.

One expects propagation of chaos to hold: as N goes to infinity, any pair of neurons
of the network (say th"N and Xf’N ) become more and more independent, and each
neuron (say (th’N )) converges in law to the solution of the following McKean-Vlasov
equation:

t t t
Xt”:X(’)’—i—/ b(X;’)ds—i—J/ ]Ef(X;’)ds—/ / XY Tfacpxv pN(ds,dz).  (1.1)
0 0 0 JRry o

In this equation, N(ds, dz) is a Poisson measure on ]R%r with intensity the Lebesgue mea-
sure dsdz. In addition, the initial condition X} has law v € P(RR;) and is independent
of the Poisson measure. Informally, eq. (1.1) can be understood in the following way:
between the jumps, (X?) solves the ODE X? = b(X}) + JEf(XY) and (X?) jumps to
zero at a rate f(X/).

This model of neurons is sometimes known in the literature as the “Escape noise”,
“Noisy output”, “Hazard rate” model. We refer to [14, Ch. 9] for a review. From a
mathematical point of view, it was first introduced by [7], where it is described as a
time-continuous version of the Galves-Locherbach model [13]. Under few assumptions
on b, f, and on the initial condition v, it is known that (1.1) is well-posed: see [7]
(with the assumption that the initial condition v is compactly supported), [12] (assuming
only that v has a first moment) and [4] (where a different proof is given, based on the
renewal structure of the equation, see Theorem 2.2 below). The convergence of the
finite particle system (XZ’N ) to the solution of (1.1) is studied in [12] where the rate of
convergence, of the order C(t)/v/N, is also given.

When the number of neurons is finite, the network (X;*") is a Markov process (it is a
Piecewise Deterministic Markov Process, see [6]). So under quite general assumptions
on b, and f, this ]Rf -valued process has a unique invariant probability measure, which
is globally attractive. We refer to [10], [20], [16] and [17] for studies about the long
time behavior of the finite particle system.

The long time behavior of the solution of the limit equation (1.1) is more complex,
essentially because this is a McKean-Vlasov equation, and so it is not Markovian. In par-
ticular, (1.1) may have multiple invariant probability measures (see [20, 4] and Section 4
below for explicit examples). Even when the invariant probability measure is unique, it
is not necessarily attractive. In [8, 5], the authors show that a Hopf bifurcation might ap-
pear when the interaction parameter J varies, leading to periodic solutions of (1.1). The
specific case b = 0 is studied in [12]. It is proved that for all J > 0, there are precisely
two invariant probability measures: the Dirac dy, which is unstable, and a non-trivial
one, which is globally attractive. This case b = 0 is also investigated in [9], where the
authors prove that the non-trivial invariant measure is locally attractive with an expo-
nential rate of convergence. Both [12] and [9] rely on the Fokker-Planck PDE satisfied
by the density of the solution of (1.1). Finally, in [4], general conditions are given on b
and f such that the McKean-Vlasov equation (1.1) admits a globally attractive invariant
measure, assuming that the interaction parameter J is small enough. For such weak
enough interactions, similar results have been obtained for variants of this model, such
as the time-elapsed model (see [19]) or the Integrate-and-fire with a fixed deterministic
threshold (see [1], [2] and [11] for another “Poissonian” variant). Finally, in [18], the au-
thors consider the case b(z) = —z, f(x) = kmin(z, \) for some constants k, A > 0. They
obtain a bistability result using a coupling method and study the metastable behavior
of the particle system.
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Understanding the long time behavior of (1.1) for an arbitrary interaction parameter
J is a challenging open question. In this work, we address the question of the local
stability of an invariant probability measure of (1.1), without assumptions on the size
of the interactions J. We say that v, € P(R.) is an invariant probability measure of
(1.1) if for all ¢ > 0, it holds that the law of X, solution of (1.1), is equal to v.. We
are interested in the stability of such an invariant probability measure v,,. Our main
contribution is to provide an explicit criterion to decide stability. If this criterion is
satisfied, then for any v € P(R.) sufficiently closes to v, the law of X} converges to
Vso, at an exponential rate.

Recently, in [3], this question has been addressed for McKean-Vlasov with smooth
coefficients driven by Brownian motions. It is shown that the stability is governed by
the location of the zeros of a particular analytic function associated to the dynamics. We
follow and adapt to (1.1) the strategy introduced in [3]. One key difficulty is to identify
a distance on probability measures that is well-suited to the particular structure of (1.1).
While the Wasserstein W distance is used in [3] for McKean-Vlasov driven by Brownian
motions, we use here instead the “Bounded Lipschitz” distance, see eq. (1.2) below.
Using this distance, we first prove a stability result of (1.1) on a finite time interval
[0,7] (Theorem 2.2). Using the same distance, we then study the long time behavior
of an auxiliary Markov process, see Proposition 2.5. Combining these two results, we
derive our main result, Theorem 2.8, which provides an explicit criterion to decide if an
invariant probability measure is stable and quantifies the convergence. We then identify
in Proposition 2.9 a structural condition on the coefficients, namely f + b’ > 0, such that
eqd. (1.1) has a unique, locally stable, invariant probability measure. This generalizes
the results of [12] and [9], valid for b = 0.

Finally, we study an explicit example where bistability occurs. We study the case:

f(x) =2 and b(z)=—z, VzcR,.

This example is studied numerically in [20]. In this work, the authors conjecture that
(1.1) exhibits a phase transition: there is a parameter .J, > 0 such that for all J < J,,
(1.1) has a unique invariant probability measure (the Dirac mass at zero) while for all
J > J,, (1.1) has three invariant probability measures (the Dirac mass at zero and
two other non-trivial probability measures). We provide a proof of this conjecture; see
Proposition 4.4. Provided that J > J,, an exact analysis of the stability of the two non-
trivial stationary distributions seems impossible. However, a local analysis near the
bifurcation points J = J, is possible. Then, in view of Theorem 2.8, we conjecture that
one is stable and the other is unstable. As the Dirac probability measure is stable (see
[20]), we deduce that bistability is the main paradigm for J > J..

Main notations. We write P(R) for the space of probability measures on R;.
Given v € P(R4) and g : Ry — R a test function, we write (g,v) = flR+ g(z)v(dz). For Z
a random variable on R, we write Law(Z) € P(R;) for its probability law. We denote
by Lip, (R+) the space of globally Lipschitz functions from R to R with Lipschitz norm
bounded by 1. We equip P(R.) with the following distance: for all v, u € P(R),

lv — ullo == sup{/]R gd(v —p); g€ Lipy(Ry), sup |g(x)] < 1}. (1.2)
+

zER 4+

2 Main results

Let N(ds, dz) be a Poisson measure on R x R with intensity the Lebesgue measure
dsdz. Given f: Ry — Ry, b: Ry — R and J > 0, we consider the McKean-Vlasov SDE
(1.1), where at the initial time, X is distributed according to law v € P(RR.).
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Assumption 2.1. We assume that b, f € C'(R4;Ry) with || f|leo + || f']lcc < 0o and that
b is globally Lipschitz, with b(0) > 0.

The condition 5(0) > 0 ensures that the dynamics stays on R;. We first show the
following existence and stability result on a finite horizon time [0, T'):

Theorem 2.2. Under Assumption 2.1, the mean-field equation (1.1) has a unique path-
wise solution for all v € P(R.). In addition, for all T > 0, there exists a constant Cr
such that for all t € [0,T]:

Vv,p € P(Ry), [[Law(Xy) — Law(X{)llo < Crllv — pllo-

Our second result concerns the ergodic behavior of the following associated linear
equation. Let > 0. Denote by (¥;*") the solution of

t t
}/ta,v = Yoa#/ =+ / b(}/sa’y)dS + ot — / / }/Soiy]].{zgf(y;:")}]\](ds, dZ)7 (21)
0 0 JR4

with Law(Yy"") = v. That is, we have “frozen” the non-linear interactions JEf(X/) of
(1.1), and we have replaced it by the constant drift a.
We denote by ¢¢(z) the unique solution of the ODE

¥t (@) =blei()) +a,  with  ¢f(z) = .

In what follows, we assume that

Assumption 2.3. The triple (b, f, «) satisfies

1. The jump rate is asymptotically lower bounded:

1 t
A= 1itminf inf —/ fleS(x))ds > 0. (2.2)
0

—o0 x>0t
2. There exists a constant C' such that for allt > 0 and xz,y € Ry :
ot (x) — #f (y)| < Clz —yl.

Remark 2.4. The constants A\ and C' are allowed to depend on «. The first point is
satisfied if f(z) > fmin > 0. The second point is satisfied if b(z) = by — byz where
bo, b1 > 0. Indeed, in that case, the flow is:

_ b0+oz) —byt bota .

x e 4+ 22 if h; >0,

i (z) = ( b ok (2.3)
$+(b0+a)t if by = 0.

We have:

Proposition 2.5. Under Assumption 2.1 and 2.3, there exists C. > 0 and A\, € (0,)
such that for allv, n € P(Ry), and for allt > 0

ILaw(Y,"") = Law(Y")llo < Cre™ v — pllo-

Therefore, (2.1) has a unique invariant probability measure. As shown in [4], this
invariant probability measure is:

vi(z)de = ——— exp (—/0 b(;)(%dy) 110,6,)(2)d2, (2.4)
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where the support o, € (0, o] is given by
oo =inf{y >0; bly) +a=0}= tlim 0 (0).
—00

The changes of variables y = ¢$(0) and z = ¢ (0) in (2.4) show that for any bounded
measurable test function g,

2= [ ot oyes (- [ t )

In particular, choosing g = f, we find that v(«) satisfies:

V()= [ flz)vs(z)de.
R+

We say that v, an invariant probability measure of (1.1), is non-trivial if J(f,vs) #
0. Note that there is a one-to-one correspondence between the non-trivial invariant
probability measures of (1.1) and the « > 0 satisfying:

a = Jy(a).

Let v be a non-trivial invariant probability measure of (1.1). Let a = J(f,v) such
that vo, = v%,. We assume that the triple (b, f, «) satisfies Assumption 2.3. To state our
main result on the stability of v.,, we need to introduce two notations. We define for all
t>0

(0= exp (- [ t 20 ) 2.5)

(84(0)) — f(#5(0))
b(¢5(0)) + o
Let A, > 0 be the constant given by Proposition 2.5.

Assumption 2.6. Assume that f € C?*(Ry;R4) with [|[f®|. < oo for k € {0,1,2}.
Assume b € C?(R4;R) with b(0) > 0 and ||V/||oo + ||0”||cc < oo. Finally, assume there
exists a constant A\, € (0, \,) such that

0 (o 0)) — al
v [ e ‘f(smu( ) — F(#a(0)
0 b(¢5(0) + a
Remark 2.7. This last estimate holds if b(x) = by — by with b3 > 0. This follows from
the explicit expression of ©¢(0), see (2.3), and from the fact that f is globally Lipschitz.
We write D, := {z € C, R(z) > —\,}. We consider for z € D,

U, (t) := a/OOO H,(t+ u)f du. (2.6)

du < .

sup e
t>0

Hy(z) = /OOO e " H,(t)dt,

the Laplace transform of H,. Similarly, let \ila(z) be the Laplace transform of ¥,. By
assumption, the two functions are analytic on D,. Our main result is

Theorem 2.8. Let v, be a non-trivial invariant probability measure of (1.1). Let a =
J(f, V) € R%. In addition to Assumptions 2.3 and 2.6, assume that

N, i=sup{R(2); z€ Do, Hy(z) = T,(2)} <0. (2.7)

Then there exists C,e > 0 and A € (0,\)) such that for all initial condition v € P(R)
with ||V — vso|lo < €, it holds that

VYt >0, ||Law(X{)—vsollo < Cef)‘tHl/ — Vsollo-
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We provide in Section 4 an explicit example with multiple invariant probability mea-
sures. The spectral assumption A/, > 0 is automatically satisfied if the structural condi-
tion f + o’ > 0 holds. More precisely,

Proposition 2.9. We have:

1. Let vy, be a non-trivial invariant probability measure of (1.1). Let « = J{(f, Vo) €
R? . In addition to Assumption 2.3 and 2.6, assume that f + b’ > 0 on [0,0,). Then
AL >0, and so v, is locally stable.

2. Grant Assumption 2.1. Assume moreover that b € C'(Ry), b(0) > 0 and that
f+V >0onRy. Then (1.1) has exactly one non-trivial invariant probability
measure.

3 Proofs

3.1 Notations

Let T > 0. Given a € C([0,T];R4), we denote by Y/”;” the solution of the linear
non-homogeneous SDE

¢ t t
Y =Yy +/ bV, )du +/ agdu — / / Y& Lacpver 3y N(du,dz),  (3.1)
s s s JRy e
where at time s, Law(Y,"}”) = v. We let f ;(v) be the solution of the ODE

d
&‘p?,s(x) = b((p?,s(‘r)) + G, (pg,s(x) = Z.

As in [4], we denote by K/(t, s) the density of the first jump of (Y;;");>:
t

Kyt = [ aet@e (- [ 1)) vao),
—+ s

Similarly, let H (¢, s) be the survival function of the first jump:

i) = [ (- f tf(wi‘i,s(fv))dU) V(dz).

When a does not depend on ¢, that is a = o € R4, we write for all ¢,z > 0:
HE(t) = H)(t,0), Ki(t) =K} (t,0), ¢f(z)=¢d(). (3.2)

3.2 Proof of Theorem 2.2

Lemma 3.1. There exists a constant Cr such that for all g € C'(R.), for all a,a €
C([0,T];R4), forall0 <s<t<T,

/ o () HO= (1, 5)v(dz) - / 9% () HE* (1, 5)u(d)
R+

R+

t
< Cr(lglloe + 119 loc) [/ @ — uldu + v — ullo] .

Proof. Write F,(z) = g(¢f,(x))HS=(t,s). Using the explicit formula satisfied by the
survival function H’=(t, s), we find that F, is C'(R,) with ||F, |~ < ||lg]/c and

1Ealloo < (19 llso + llglloollflloc] ™1l
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Therefore, for Cp = (1 + 1% ) (1 + || /|| o), We have:

[(Fa, v — )| < Cr(llglloe + 19" lo) 1V = pllo-

In addition, using Gronwall’s inequality, we find that

t
ot0(0) = (@) < I [a, —
S

Using the explicit formula of F,, we deduce that there exists another constant Cr such
that

t
|Fa(z) = Fa(x)| < Cr(llglle + ||9'||oo)/ |aw = au|du.

Altogether, we deduce the result. |

Let r}/(t,s) := Ef(Y"”). It holds that the jump rate 7, (¢, s) and K//(t, s) are linked by
the following Volterra integral equation [4]:

Lemma 3.2. It holds that:
¢
ro(t,s) = KZ(t, ) —|—/ rgo (t,u) K} (u, s)du.

Proof. Lett > s and 7, := inf{u > 5,Y;""  # Y,*'} be the time of the first jump of Y%;"

u—,s s

after s. The law of 7, is K (u, s)du. We have
ra(t,s) = Bf (Y = Bf (Y ) o + BV ) Lire(s0y-

For a fixed initial condition z, it holds that }Q‘TS’SI = ¢f 4(x) under the event {75 > t}.
Therefore, the first term is equal to

X Flof (@) Hpx (¢, s)v(dz) = K[/(t, 5).

Using the strong Markov property at time 7, and using that the process is reset to 0
after this jump, we find that the second term is equal to

t
Ef (Y ) U re(sy = BF (V5 Lire(s))) =/ r (t,u)KY (u, s)du.
Altogether, we deduce the result. O

More generally, by the exact same argument, we have
Lemma 3.3. Let g : R. — R be a bounded test function. It holds that for allt > s,

t
Eg(Y") = /R 9t () HO= (, s)w(da) + / K (u, $)Eg(Y5)du.
" 0

Exploiting the Volterra integral equation of Lemma 3.2, we deduce that:

Lemma 3.4. There exists a constant Cr such that for all a,a € C([0,T];R4), it holds
that

t
Vs <t <T, |rh—rk|(t,s) §CT/ |ay, — ay|du + Crllv — pl|o-
S
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Proof. We first prove the inequality when v = u = §y. To simplify the notations, we also
denote by 74(t,s) := r%(t,s) and K,(t,s) := K%(t,s). Let A(t,s) := 74(t,s) — 7a(t, ).
Using Lemma 3.2, we have

Alt,s) = (K, — K3)(t, s) +/ (Ko — Ka)(u, $)re(t, u)du Jr/ Ka(u, s)A(t, u)du.

As |4 (t, 8)| < || flloo and | K4 (t, s)] < ||fllco, this shows that (¢, s) — A(t, s) is continuous.
In addition we have:

t t
At )] < CT/ |au—du|du+CT/ A u)[du.

We conclude by using the Gronwall’s inequality. The extension to arbitrary v, u € P(Ry)
follows from Lemma 3.1 (with ¢ = f) and Lemma 3.3. O

By similar arguments, we have, using Lemma 3.1 and Lemma 3.3:

Lemma 3.5. There exists a constant Crp such that for all a,a € C([0,T];Ry), for all
g€ C'(Ry):

t
Vs<t<T, [Eg(¥") — Eg(Y) < Crllgl + 19'l1) [ [ low = auldut = ulo
We now give the proof of Theorem 2.2. Existence is proven exactly as in [4]. We
prove the stated stability estimate, which implies uniqueness. Let (X}) and (X!") be

two solutions of (1.1) starting from laws v and u. Let a; = JEf(X}) and a; = JEf(X}").
Then, a € C([0,T];R+). Indeed, by Ito’s formula, we have

ar = JEF(XY) = JEf(X) + / JEF(X2)(B(XY) + a2)ds + / TE(£(0)— F(X))F(X)ds.

In addition, (X/) is a solution of (3.1) with a. The same holds for (X}') with a. Therefore,
by Lemma 3.4 (with s = 0), we deduce that

¢
|ay — aql SCT/ |y, — @y |du + Crllv — pfo-
0

By Gronwall’s inequality, we deduce that

sup |ap — a¢] < C’TeCTHl/ — plo-
te[0,T]
The stability estimate of Theorem 2.2 then follows from Lemma 3.5. |

3.3 Proof of Proposition 2.5

Recall that the Markov process (Y,*") is defined by (2.1). We also use the notation
E,g(Yy) := Eg(Y,*’"), for all # > 0. The first step is to prove that ro(t) := Eof(¥;*)
converges to v(«) at an exponential speed:

Lemma 3.6. Under assumptions 2.1 and 2.3, there is a constant 6, > 0 such that

sup|ra (t) — y(a)lef! < oo.

>0
Proof. By Lemma 3.2, r,, is the solution of a Volterra convolution equation. Therefore,
the strategy is to use the Laplace transform to deduce the asymptotic behavior of ¢t —
ro(t) from the location of the poles of 7, (z). The arguments can be found in [4]. We only
use here that fis C!, f’band f? are bounded and that lim inf; %fot f(p2(0))ds > 0. O
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We then show that we have convergence in total variation norm:

Lemma 3.7. There are constants C, 0, > 0 such that for all g € C(R4) with ||g]|cc < o0:

sup[Exg(¥;") - (g, %) < Cllgllsce™ ", Wt > 0.

Proof. Recall that H,(t) is defined by (2.5) and that K, (t) := —< H,(t). We first show

the result for x = 0. By Lemma 3.3,

Eog(Y) = g(f (0)) Ha(t) + / K (u)Eog (Y )du.

We solve this Volterra equation and find:

t

Eog(Y) = (45 (0) Ha(t) + / ot — w)g(p%(0)) Ha(u)du.

We used here that r, is the resolvent of K,,, see [15, Ch. 2]. We write r, (t) = v(a)+&4 (1)
with £, (t)] < Ce™% !, We deduce that

Fag (1) (@) | 060 H ) = gl () Hal0) + [ €alt ~ )5 ) Hawdc
=900 [ ol ) Halwhdu = A1 + A2 + A,
Recall that v2 is given by (2.4). The change of variable 2 = ¢%(0) shows that
) [ ol 0D Halw)du = (9,02
Using (2.2), we deduce that there exists constants C, A > 0 such that

Yt >0, Hu(t) < Ce .

A1] < Cllglloce™?".

Without loss of generality, we can choose 6, < A/2. Therefore,
Similarly,

t o0
| Ag| gc?ngnoo/o e*"a(t*%*%audugc?|\g||ooe*9at/0 e %"du.

Finally,

oo

|A3] < O loellglooe ™" / e 0y,
0

Altogether, there exists another constant C' such that:
Eog (Vi) — (g, v%)| < Cllgllsce™".

Finally, we treat the general case. Recall that HZ(t) and KZ(t) are defined by (3.2). For
all z > 0, we have by Lemma 3.3:

E,g(Y) = gl (@) HE () + / K2 () Eog (Y ) du,

and so, using that [~ K?(u)du = 1, it holds that
0

[e3%

Erg(Y,") = {9, ve0) = 9(# (2)) HE(t) +/0 Ko (u)(Eog(Y,2,) — (g, v5))du + (g, v5 ) H (1),

Therefore, the stated estimate is deduced from the case x = 0. O
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Recall that the constant A > 0 is defined by (2.2). The next step is to prove that

Lemma 3.8. There exists a constant C' such that for all g € C*(R) with ||g|« < 1 and
g'l|c <1, for all z,y > 0:

|98 (2)) Hi (8) — 9(pf (9) HA(8)] < Cla — yle” /2",

Proof. We first show the result when ¢ = 1. We use the inequality |[e=4 — e~ 5| <
e~ min(4.5)| 4 — B, valid for all A, B > 0. Using Assumption 2.3, we deduce that

HE(t) — HY(1)] < Ce 2N/t / (@) — F(o2 () du

Using that f is globally Lipschitz and that |¢$(z) — ¢$(y)| < Clz — y|, we deduce the
stated inequality. The general case is deduced similarly, as g and ¢’ are assumed to be
bounded by one. O

Finally, we give the proof of Proposition 2.5. In what follows, the constant A > 0
might decrease from line to line. Let g € C'(R;) with ||g]|cc < 1 and [|¢’[|cc < 1. We
write

Erg(Y,") = Eyg(Y) = g(¢i () Ha (1) — 9(# (y)) HA(E)

+ [ (2 ) - Ki()Eag(v7 )
0

The first term is bounded by C|z — y|e 2! by the previous lemma. In addition,
¥t >, [Bog(Vid,) — (g, v5)] < Ce 70
So, using that fOOO(Kg(u) — K¥Y(u))du = 0, we find that the second term is bounded by
[HE(t) = HY(O)| (g, ve)| + Cla — yle™™.
Altogether, we deduce that there is a constant C' > 0 and A > 0 such that for all x, y:
[Ecg(Y) = Eyg(Y)| < Cla —yle ™.

We define:
v () = (Bag(V,) — (g, v5%))eM.

In view of Lemma 3.3, it holds that v; € C'(R.). By the previous results, we have for
some constant C' (independent of g):

[velloe + 0t lloe < C.

So
(v, v — )| < Cllv — plfo.

In other words, by the Markov property:
[Law(Y,™") — Law(Y,"*)|lo < Ce™|[v — pllo.

This ends the proof. O
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3.4 Reformulation of the spectral assumption

In this section, we reformulate the spectral assumption (2.7). We recall that

(0 = (- | t Fleta) . Ha(t) = ),

(744 (0)) — f(#3(0))

bea () o O

U, (t) = a/ooo Ha(tJru)f

The first step is to show that
Lemma 3.9. It holds that

U, (t) = _J/O% [%Hg(t)] V2 (dy). 3.3)

Proof. First, note that the function y — ¢%(y) is C* (R ) with

d b(yg (y)) + o
— % = v 3.4
e (y) by) +a (3.4)
Indeed, both the left-hand-side and the right-and-side of (3.4) satisfies the ODE: 0,1, =
b (% (y)) by, with o = 1. By uniqueness, (3.4) follows.
Therefore, the function y — HY(t) is C* with

vy — v [ oo b oo tonde — — v d EEW) = @)
L) = =120 [ 1t et = —myp I T,

We used (3.4) to obtain the last equality. Let A(t) be equal to the right-end side of (3.3).
Plugging the explicit expression of v3° (see (2.4)) and using that J = «/v(«), we find

o [ et @) - f@) T ) .
aw=a | H0 R p< /ob<y>+ady)d

o 7 "0 f(#2a(0) = (2 (0)
= a/o exp (/0 f(gpSJru(O))ds) -’I;(cpg(O)) o H, (u)du.

To obtain the last equality we made the change of variables © = ¢%(0) and then y =
©5(0). Hence, we find that A(t) = ¥, (¢) as claimed. O

Then, we define
d
Oult) = J | B FYV (),
R, 4y

Recall that A\, > 0 is defined in Assumption 2.6 and that D, := {z € C; R(z) > =\, }.
Lemma 3.10. For all z € D,, it holds that ¥, (z) = H,(z) if and only if ©,(z) = 1.

Proof. Recall that rZ(t) := E, f(Y,%). Using Lemma 3.2, we have
re =K +rox KX

We used here the notation (r, * KZ2)(t) := fot ro(t —s)KZ(s)ds. We differentiate with
respect to z and obtain

d d d
J—r? =J—K~* ax [ J—KZ%|.
dz "a dz @ + 7o [ dz O‘}
Let
Za(t) == Va0 35)
= =g Vel .
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In view of (3.3) and & HZ(t) = —KZ(t), we have:

W)= 7 /R disz@)uzo(dy).

(1]

We deduce that
On =Z4 +Ta * Zq.

Taking the Laplace transform, we find that for all z € C with (z) > 0:

Therefore, we have

~ K,
=Za(2) |1+ A(Z) (using ro = Ko + Ko #74,)
1-K.(z
_ Eal(2) s 5
= — (using Kn(2) =1 — zH(2)) (3.6)
zH, (2
U, (2) .
= = using ¥,(0) =0 and —V¥, ==,
() (using ¥4(0) gr )

Because the left-hand side and the right-hand side are two analytic functions on D,, the
equality is in fact valid on D, and so

Vz € Do, Ou(z) =1 < Uu(z) = Hy(2).

We finally consider €, (t) the solution of the Volterra integral equation
t
YVt >0, Qa(t) =04(1) Jr/ Qu(t — 5)O4(s)ds.
0

Remark 3.11. The function ,(¢) has a simple probabilistic interpretation using the
McKean-Vlasov equation (1.1). For all € > 0, let v. := Law(X;> + €), with Law(X;>) =
Vso. Then
Ef(XV) — Bf(X/=
el0 €

Similarly, it holds that

0u() — 1 A0~ BIOT)
€l0 €

where (Y;*") is the solution of (2.1). We refer to [3] for these probabilistic interpreta-
tions as well as the connection with Lions derivatives.
Lemma 3.12. Forall A < X,, where \,, is given by (2.7), we have sup,|Qq(t)e* < co.

In other words, X/, gives the rate of convergence of Q,(t) towards zero.

Proof. Let A < X, K; := eMO,(t) and R, := *Q,(¢). It holds that K € L'(R;). By
assumption, it holds that K(z) # 0 for all ®(z) > 0. Therefore, [15, Ch. 2, Th. 4.1]
applies and so R € L'(R,). Finally, using that R = K + K x R we find that R is also
bounded. O
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3.5 Proof of Theorem 2.8

A sensitivity formula

Following [3], we first show the following “sensitivity” formula:

Proposition 3.13. Let k € C([0,#;R) and o € Ry, such that inf,cpg q(a + ks) > 0.
Provided that Law(Y{*™*) = Law(Yy"), it holds that

) - Bo) = [ [ [ Lm0 keLowtvs anas
0 JRy LAY
Proof. This is a Trotter-Kato formula. Define for all s € (0,¢] and for all y € R.:
¢(s,y) = Eyg(V,2,).
The function ¢ is C} (R+ x R;) and

0
%QS(Sv y) = 7‘Ca¢(sa y)v

where £ is the generator of (Y,%), solution of (2.1). This generator acts on the marginal
function ¢(s, ) and is given by

Vg e Cy(Ry), L%(y) =g u)(b(y) + a) + (9(0) — g(v)) f (¥)-

In addition, the generator of (Y**F) satisfies (£2T* — £%)g(y) = ¢'(y)ks. Therefore, by
Ito’s formula, we obtain:

50
Eé(s, YOTF) = E¢(0, YO+ + B / AL YOk, du.
o 9Y
Replacing ¢ by its definition, we deduce that
s d
Bo(s, V) = Eo0.35 ) + B [ [ | SB00) | heLawn(ve @i
+

Finally, we let s converge to ¢t. Using the Markov property at time s = 0 and the fact
that ¢(t,y) = ¢g(y), we find that the stated formula holds. O

Corollary 3.14. It holds that
t
Law( ) = Law(Y) o < C. [0k ds.
0

Proof. Let g € Lip,(R+) with ||g]|cc < 1. We have by Proposition 3.13:

} |ks|ds.

d «
_Eyg(}/wf—s)

t
[Eg(r ) ~ Bg(v)| < [ {sup :
0 Y

yeRy

By Proposition 2.5, we have for y # /'

[Eyg(Y;*) = Eyg(Yy)| < Cre™ ™!

574 - 5y’||0-

As [[6y — dyllo = |y — ¥| for |y — | < 1, we deduce that %Eyg(Yﬁs) < Ce 079 O
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Control of the non-linear interactions
We define:

of = JEf(Y™) -«
K = JEf(X)) — a.

We prove that:

Proposition 3.15. For all T > 0, there is a constant Cr such that for allt € [0,T] and
for allv € P(R%):

1. kY] < Crllv — veclo-

2. |k = @f =[5 Oult — s)k¥ds| < Cr (v — vaoll0)®.

3.

v 174 t v
B = = fy Qalt = 5)¢ds| < Cr (v = vaollo)”
Proof. The first point is a consequence of || f||o + || f'[|oc < o0 and of Theorem 2.2. For
the second point, we note that Ef(X?) = Ef(Y,"™ ). We define t(y) = %]Eyf(Yto‘).
We have, using Proposition 3.13 with g = J f:
K =i = JEF(YTEY) — JBF(Y)

t
d v
[ S R Lau(v ) s
0 JRy dy
t
=J / Epy_ (YO V) kY ds
0
t t y
:/ O, (t — s)kids + J/ [Ewt_s(Y;‘*k YY) — B (YOUV2) | kYds.
0 0
Because f and b are assumed to be C?, there exists a constant C'r such that
vt € [0,T],  |[¢tlloc + [|0ytellc < Cr
Therefore, by Theorem 2.2 we have:
Bty o (YOHHV) = By o (YV=)| = [Bgpr—s(XY) = B o(X2>)| < Crllv = voollo-

Using the first point, we obtain the stated inequality. The last point is obtained by
iterating the estimate of the second point, as in [3]. O

Exactly as in [3, Lem. 2.20], we deduce from this last result and from Corollary 3.14
that:

Lemma 3.16. Let A € (0,)\))). There exists a constant C such that for all T > 0, there
exists Cr > 0: for allv € P(R), forall t € [0,T,

IZaw(XY) = vecllo < Cxe™ |l = vecllo + O (lv = vsolo)®

We used crucially here that sup,-|€(t)|e* < oo, see Lemma 3.12. The proof of
Theorem 2.8 is easily deduced from Lemma 3.16, exactly as in [3].
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3.6 Proof of Proposition 2.9

The first point is to note that under the assumption infjo . ) f + b > 0, we can inte-
grate by parts ¥, and =,:

Lemma 3.17. We have

1. The following limit exists and is finite: v (04 ) := limgqs, v (z) < 00.

2. Define C, := b(f();r)a v (o,) and

b(0) + «

— <  du. 3.7
e () tatt 7

To(t) := Co HG(t) + /OOO Ho(t +u) [f (95 (0)) + ' (¢5(0))]
It holds that for allt > 0:

T (t) = ——— [Ha(t) — Tal(t)] . (3.8)

3. Define A, (t) := —<Y,(t). One has forallt >0

b(0) + «

Aalt) = CoC3 (1) + / Kt 4 u) [f(23(0) + H(22(0))] . @9
Moreover, for allt > 0
Z0(t) = 315 7a Aelt) ~ Kal] (3.10)

Proof of Lemma 3.17. To prove the first point, we use the explicit formula of the invari-
ant measure (2.4): we find that for all z < o,

d f(x) +V(x) /Z f(y)
— 1% (2) = —y(a) Tt — | L4y <o.
dxl/oo(z) V(O[) (b(l’) +CY)2 exXp 0 b(y) +a vyl >
Therefore, z — vS (x) is non-increasing and so limgq,, ¥ (x) exists and is finite (it is

equals to zero if 0, = 0o, and might be non-null in the case where o, < o0). To prove
the second point, we integrate by parts the right-hand side of (3.3) and find

«

Y =501 a

(Ho () — CoHO® (8)] + /0 h H;(t)%yg; (2)da.

The last term is equal to:
o d o fx) +b'(x) < /Z f(y) >
J/ Hgt—yg‘ozdx:foz/ HI(t)—F——~——Fexp| — —————dy | dy.
o el o TG TR P W ra )V
We make the changes of variables y = ¢§ (0) and = = ¢ (0) and obtain

&« [H,(t) — C HS" )] -« /oo Hgfﬁ(O) (t) f((pg(())) + b/(sﬁﬁ (0))Ha(u)du.

Palt) = b(0) + a 0 (g (0)) + o

Using that HZ* (" (t)Ha(u) = Ho(t+u), we obtain the stated formula. Finally, recall that

Ea(t) = %\Ila(t). Therefore, the third point is obtained by differentiating the second
point with respect to ¢. O

Proof of Proposition 2.9, first point. Recall that Z,(¢) is given by (3.5) and satisfies for
all z € D,, Eq(z) = 2¥,4(2). Similarly, it holds that K,(z) = 1 — zH,(z). Let z. € D,
such that H,(z.) = ¥,(2«). We deduce that

~

1= Ko(2:) = Zalz:).
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Using Lemma 3.17, we have

~

b(0) 4+ o = b(0) Ko (2:) + aho(z). (3.11)
We show that $(z.) < 0. Indeed, we have
R(z) >0 = [b(0)Ka(2) + aha(2)] < b(0)|Kalz)| + a|Aa(z)| < b(0) + a,

and so necessarily, R(z.) < 0. We used here that both K, (¢) and A,(t) are the densities
of probability measures. In addition, if z, = iw for some w > 0, then

~ o~

R [b(0)(1 — Kaliw)) + a(l — Aa(iw))} - /0 1= cos(wt)](b(0) Ku (t) + adn(t))dt.

Because for t € Ry, 1 — cos(wt) > 0 almost everywhere, the right-hand side is null only
if almost everywhere
b(0) Ko (t) + aha(t) = 0.

This leads to a contradiction because by (3.9), we have A, (¢) > 0. In addition, K,(t) > 0
and the total mass of K, is one. Altogether, we have proved that

Vz, € Do, Hy(z) = Uu(z) = R(2.) < 0.
Using the Riemann-Lebesgue lemma, we deduce that X/, > 0. O

Proof of Proposition 2.9, second point. Assume that inf,>o f(x) 4+ b'(z) > 0 and b(0) >
0. The number of invariant probability measures of (1.1) is given by the number of
solutions of the equation o = Jy(«),« > 0. We first prove that the continuous function

G:a— ﬁ is strictly increasing on R.. Note first the identity:

t
V20, [B(ef0)) +alexp < / b’(@S(O))dU) ~ b(0) +
0
We deduce that forall a > 0

Gle) = =5 = o /O Ha(H)dt

ol
i@ 7a

The changes of variables y = ¢2(0) and = = ¢ (0) show that

s wrald, o0 (L e )

Note that the function a — b(oﬁﬁ is non-decreasing and a — o, is strictly increasing.

Moreover, because f + b’ > 0, for all fixed z, the function

arvenp (- [T ER0,,)

is non-decreasing. So G is strictly increasing. Because b(0) > 0, we have v(0) > 0 and
so G(0) = 0. Therefore, for all J > 0, the equation G(«) = J has a unique solution. O

a
t

+ o] exp ( /0 t b’(ﬁ(@))@) Ho(t)dt

= [b(¢7(0))
= (b7 (0))

+aje (= [ (£ +#)(eu0)a) dr
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4 An illustrated example
To illustrate the results, we consider
f(zx)=2* and b(z)=—z, Va>0.

There is a slight technical difficulty: f and f/ are not bounded and so we cannot directly
apply our results. For A > 0, we denote by

Ma:={vePRy); J{fiv)<A, v(0,4]) =1}

Lemma 4.1. Let J > 0. There exists a constant A > 0 large enough such that for any
initial condition v € M 4, there is a unique path-wise solution to (1.1) and for allt > 0,
Law(X}) € Ma.

Proof. Existence and uniqueness of the solution of (1.1) is not problematic since the
initial condition is compactly supported, see [12]. The existence of the constant A is
shown in [4]. The idea is that by Ito’s formula,

d
T Bf(XD) = Bf (XD)BXY) + JEF(XY)] - Ef*(XY)
< lepay
=9 9 t
c? 1
<& lmrenr

for some constant C only depending on J. We used the Cauchy-Schwarz inequality to
obtain the last estimate. Then we deduce that Ef(X{) < C implies Ef(X}) < C for all
t > 0. Therefore, we can choose A = JC to obtain the result. O

We equip M 4 with the distance || —p|o (we could also use here the standard Wasser-
stein distance W (v, u): Wi and ||-||o are equivalent on M 4, as the probability measures
are compactly supported). In view of Lemma 4.1, as soon as the initial condition belongs
to M 4, everything happens as if f and f’ were bounded on R.. Therefore Theorem 2.2
and 2.8 holds with P(R) being replaced with M 4.

Our goal is now to describe all the invariant probability measures and to find their
stability properties. The first step to apply Theorem 2.8 is to specify the values of f[a
and V,,.

Computation of H;(z) and \I/l;(z)

Let @ > 0. Recall that H,(t) is defined by (2.5) and that ¥,(¢) is defined by (2.6).
Let:
62 oF
Vo €10,1), w(6) ::9+?+10g(179):— —
k>3

In this section, we prove that:

Proposition 4.2. Let ¢(z,z) := 2_2(1_Hiﬁff:;)lz_(ffj(1_Z)Z. It holds that for all R(z) >
2

-
1
— 2
H,(z) = / (1 —z)* te® @ dg
0
and
— 1 2
U,(2) = a2/ U(z,z)e® U@dg.
0
MNA 4 (2024), paper 1. https://mna.episciences.org/

Page 17/24


https://doi.org/10.46298/mna.12583
https://mna.episciences.org/

On a mean-field model of spiking neurons

To proceed, we introduce some notations. First, recall that K, (t) = —< H,(t). We

dt
also consider
voe[0,1), HY(2) ;:/ e * Hy(t — log(1 — 6))dt,
0

K9z) = / e Ko (t — log(1 — 0))dt.
0

Lemma 4.3. The following identities hold:

— 1
7)) =1 - 9)—Z/ (1—z)" L w0y,
6

K([f] () = e w(0) _ ZHEQ](,Z).

In addition, we have

2 —_— 1 17 z R
0 = (2 + a®)Hy () — o / (1 x) (1 +2)e™ @) de.
0

Proof. We have ¢%(0) = a(1 — e~*) and so

t 3 -2t
H,(t) = exp (—/ (1 — e_“)Qdu) = exp (a2[§ + 5~ 2e~! — t]) .
0
Therefore, we find that
Vo €[0,1), Ha(—log(l—x)) = e w®),

So, the change of variable x = 1 — ¢~* shows that

H ) =1-0)= / e~ Hy(t)dt
—log(1-0)

1
=(1- 9)_Z/ (1- x)z_lea%(””)dx.
9

This proves the first equality. The second equality is obtained by an integration by parts,
using that & H, (t —log(1 — )) = —K,(t —log(1 — 0)). To obtain the last identity, we note
that:

d 2 2 2
e (1 —x)%e” w(z)| = (z4+a?)(1 —x)* L w(z) _ (1 —2)*(1 + z)e® w(z)
x
We then integrate this equality from x = 6 to x = 1. This gives the result. O

Using this Lemma, we can finally deduce the expression of \I/l;:

Proof of Proposition 4.2. For u € R4, let O(u) := 1 — e~ ". Recall that ¥,(¢) is given by
(2.6). Therefore, it holds that

— 1 o

U, (2) :a/o bpr(0) T a [/0 e * Ka(t—i—u)dt—f((pfj(O))/O e ' Hy(t 4+ u)dt| du

_ /O e {K/L@] (2) — a2(0(u))2 HE@) (z)] du

= /01(1 —0)72 [@(2) — 04292@(2)] dé.
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We made the change of variable § = 1 — e~*. We now use Lemma 4.3 and find that

1-6
O

Therefore, we find that

— — — 1 z
1—
K (2) = 0?0 HY (2) = o(1 - 6% HY(2) — 042/ < z> (14 2)e® @) dy,
0

Tz [0 N e
Uy(z)=a (1—xz)""e dzdd
0 0

(1-0)*
) 1 1 1 R ()
-« —— [ (1—=2)*(1 4+ z)e* “'**'dxdb.
| w=ar ),
To obtain the stated result, it suffices to integrate by parts this equality. |

4.1 Description of the invariant probability measures

The following proposition gives the number of invariant measures of the non-linear
equation (1.1). This result is conjectured to be true in [20, Section 7.2.3].

Graph of the function o — J(a) := Ty
— J(®)
B (an, J(aw))

3.5 5
o
=

3 |
<
S

25 i

20 | | | | [

0 1 2 3 4 5
«
Figure 1: Plot of the function a — J(«) := oy for b(z) = —x and f(x) = 2?. We prove

in Proposition 4.4 that this function is decreasing on (0, o] and increasing on [a, 00).

Proposition 4.4. Let f(x) = 2? and b(x) = —z. There exists o, > 0 such that the
function o — —& is decreasing on (0, o] and increasing on [a., c0). Moreover, one has
lim — = 400, and lim S +00.

o8 7a o 3(a)

Let J, := 7(‘3‘0:‘ 3 We deduce that

1. For J € [0, J.), éo is the unique invariant probability measure of (1.1).
Z/OO o0

2. For J € (J.,00), (1.1) has three invariant probability measures: {do, V3., Voo }.
with a1 < ay < as.
3. For J = J,, (1.1) has two invariant probability measures: d, and v
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Proof. The graph of the function o — ﬁ is plotted Figure 1. Define

1
Va >0, V(a):= a/ (1+ ac)eo‘zw(””)dx. 4.1)
0

Claim It holds that forall « > 0

leY 1
—=—+4+V(a). (4.2)
(@)  «a ()
Proof. First, note that ﬁ = aﬁ;(o). In addition, by Lemma 4.3 with § = 0 and z = 0,
we find that H,(0) = & + V(a)/a. O
Define for all x € [0, 1)
—4w(x) 1 9 zk
A(x) := -1 =—-+4 .
(z) 3 (14 2x) 3—|— xkzmk+5

Claim It holds that
1
V() = / A(ac)eo‘zw(w)dx.
0

In particular V is strictly increasing on R, .
Proof. We have

1 1
V'(a) = /0 1+ z)eo‘Qw(m)dx + 2a2/0 (1+ x)w(x)ea2w(z)dz.

Let
(1+ 2)u(z)
V. 0,1 0(x) :=
re 1), o) =
We have 5,((”;)) = - (179;);”(96) and so 0(z) = — 1;§2w(z). In particular,  can be extended

to a C1([0,1]) function with §(0) = #(1) = 0. Integrating par parts, we find that
1 2 1 2
2a2/ (1 + z)w(z)e® *@dz = 2a2/ 0(z)w' (z)e* @ dz
0 0
1 2
= 72/ 0 (x)e® @) dz.
0

Moreover, we have ¢'(z) = Zw(z) + (14 z) and so (1 + z) — 260'(z) = A(x). O
For all o > 1, we have

L[t e 1 ! > 1
V') > 5/0 e @y > 6_oea/0 (14 z)e* @ dy = G—QV(Q).

Consequently, we have Vo > 1, V() > V(1)a!/%. Using (4.2), we deduce that

. (&% . o
lim —— = 400, and lim —— = 4o0.
al0 ’y(a) a—o0 ")/(Oé)

It remains to study the variations of o — ﬁ Using (4.2), we have

2777 _ 2y 1
i a@a _ @ Vi{a) —1 = W(e’) 1, with W(a) := a/ A(x)e”‘w(z)dz.
da vy(a) a 0
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Claim The function W is increasing on R .

Proof. Let D(z) := 2)(®) We have

w’(z)
1 1
W/(oz):/ A(x)eo‘w(z)d:p+/ D(z)ow' (x)e*” @) da:
0 0

:/0 [A(x)—D/(x)]eo‘w(z)dx.

To conclude it suffices to show that for all z € [0,1), A(x) — D’(x) > 0, which follows
from the explicit formula satisfied by A and D. |
Finally, we have lim,_,oc W(a) = +00. This follows from

1
W(a?) = ®V'(a) > a26—V(1)a1/6.

(0%

Putting altogether, we deduce the result. |

4.2 Conjecture on their stability

Let J € (J.,00). By Proposition 4.4, (1.1) has exactly three invariant probability
measures: {do, V5, Vo) With a; < . < ao. It is known that ¢y is attractive, see [20].
The question of the stability of 37 and v3; is more delicate. In view of Theorem 2.8, the

stability is determined by the location of the zeros of

~

F(a,z) = Ho(2) — Ua(z).

The explicit expression of F(«, z) is given in Proposition 4.2 above. Recall the definition
of X, (2.7):
=, =sup{R(z); F(a,2) =0}

Conjecture 4.5. We conjecture that \,, > 0 and that \),, < 0.

In view of Theorem 2.8, this suggests that v; is unstable and that v is stable. This
conjecture is motivated by numerical investigations, see Figure 2, and by the following
analysis for « close to «,. First we note that for all a > 0, it holds that:

d «

F(a,0) = do(@)

In particular, for a = a,, we have
F(ay,0) = 0.

The function (a, 2) +— F(a,z) is C! in the neighborhood of (a.,0). In addition, we find
that
0.F(0s,0) >0 and 0,F(ax,0)>0.

Therefore, the implicit function theorem applies, and gives the existence of a function
a — z(a) in the neighborhood of «., such that F(«, z(a)) = 0. In addition, we have

d 0o F (s, 0)

3o low) = = 0, F(a,0)

0.
da <

This implies that for o < «., « sufficiently close to «., it holds that z(«) > 0 and so
AL, < 0. Note however that when o < «,, we have z(a) < 0 but this local analysis is
not sufficient to conclude that A/, > 0. Indeed, there might be other solutions to the
equation F(«, z) = 0 with R(z) > 0 and |z| far from zero.
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R(2) R(z)
(@) F(ai,z) =0 (b) F(az,2) =0
b T T ] 0sh T T ]
1.2+ o
i i 0.6 a
= 0.8 | -
{ ol | {; 04f 1
041 b 0.2} 1
0.2 -
of | o 1
0 05 1 05 2 0 05 v 15 2
(©) v (2) (@) v (z)
Figure 2: Let f(z) = 2 and b(z) = —x. For J = 2.12, the invariant probability measures
of (1.1) are {do, ugj,ugg} with a7 ~ 1.108 and «a» ~ 1.7383. The shape of the non-trivial

invariant probability measures v;° and v, are reported in Figures 2c and 2d respec-
tively. Figure 2a, we plot the curves F (a1, z) = 0 (in blue) and SF(aq, z) (in red). The
two curves intersect at a zero of F(ai,-). We find numerically that F(aq,0.3065) =~ 0.
This suggests that v is unstable. For a = as, we find in Figure 2b that the zeros of
z — F'(ag, z) have negative real part, suggesting that vg? is stable.
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